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Introduction

This exercise studies an active suspension system. This structure models the shock of a vehicle. To
develop a controller for this structure we will use H2 and H∞ methods and Data driven methods.

2.1 Multiplicative uncertainty

To be able to store the 4 models in a cell array, we must index them from 1 to 4 because the index
G{0} is not accepted by Matlab. In our code the models are: G0 = G{1}, G1 = G{2}, G2 = G{3} and G3
= G{4}.
Some comments on our Matlab code :

• Line 9 to 13: The code given in question 1 is used to generate the 4 models in cell array G

• Line 17: "I" generates a circular permutation of the numbers

• Line 18: Gstack stores all models except the one that is considered as nominal during the
iteration

• Line 25: One draws in bode diagram the 4 models

• Line 29 to 34: We show the chosen multiplicative uncertainty W2 in the console

1 %% Name : Devakumar Thammisetty , Mar t in Vuichard
2 % Course : Advanced c o n t r o l sys tems − S p r i n g 2019 EPFL
3 % Lab2 − CE2
4 c l c
5 c l e a r a l l
6 l o a d ( ’ ASdata . mat ’ ) ;
7

8 %% System i d e n t i f i c a t i o n
9 f o r i = 1 : 4

10 Zd = d e t r e n d ( ASdata { i } ) ;
11 G{ i } = oe ( Zd , [ 4 4 1 ] ) ;
12 Gf { i }= spa ( Zd , 1 0 0 ) ;
13 end
14

15 %% Nominal model − M u l t i p l i c a t i v e u n c e r t a i n i t y
16 f o r j = 1 : 4
17 I = c i r c s h i f t ( 1 : 4 , j −1) ;
18 G_stack = s t a c k ( 1 , G { I ( 2 ) } , G { I ( 3 ) } , G { I ( 4 ) } ) ;
19 G f _ s t a c k = f r d ( G_stack , l o g s p a c e (−1 , 2 , 6 0 ) ) ;
20

21 orderW2 = 4 ;
22 [Gu , I n f o ] = ucover ( Gf_s tack , G { I ( 1 ) } , orderW2 , ’ Inpu tMul t ’ ) ;
23

24 bode ( I n f o .W1) ; ho ld ( ’ on ’ ) ;
25 end
26 l e g e n d ( ’ G1 ’ , ’ G4 ’ , ’ G3 ’ , ’ G2 ’ ) ;
27

28 G_stack = s t a c k ( 1 , G { 1 } , G { 3 } , G { 4 } ) ;
29 G f _ s t a c k = f r d ( G_stack , l o g s p a c e (−1 , 2 , 6 0 ) ) ;
30 [Gu , I n f o ] = ucover ( Gf_s tack , G { 2 } , orderW2 , ’ Inpu tMul t ’ ) ;
31 W2 = t f ( I n f o .W1)

Thanks to our code we obtain the following bode diagram :
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Bode diagram for the 4 models

First, we see that the multiplicative uncertainty for the model "G2" (which corresponds to the model
named G1 in the problem statement) in the Figure has the lowest magnitude. Hence, we choose G1
as the nominal model, since it give least multiplicative uncertainty

Finally the W2 chosen for "G2" (G1 in the statement) as nominal model is given below

W2 =
0.3993z4 − 1.117z3 + 1.238z2 − 0.6121z + 0.09655

z4 − 2.933z3 + 3.661z2 − 2.246z + 0.5848
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2.2 Model-based H∞ control design

Selection of W1

For meeting the given speci�cations for bandwidth and modulus margin, we know that the weight-
ing �lter will be of the form given below

W−1
1 (s) =

s

m(s+ ωb)

ωb and m are given by the speci�cations : ωb = 20rad/s and m = 0.5 then W−1
1 (s) = 2s

s+20

Finally we get
W1(s) =

s+ 20

2(s+ 0.00001)

We use 0.00001 to avoid a pole at 0. Further, we discretise the continuous transfer function of
W1,using c2d command with tustin method. Finally, we plot the bode of W−1

1 to check if its less
than 6dB at high frequencies. The bode of W1−1 is given below which is less than 6dB at high
frequencies, satis�es the speci�cations.
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1 %% Name : Devakumar Thammisetty , Mar t in Vuichard
2 % Course : Advanced c o n t r o l sys tems − S p r i n g 2019 EPFL
3 % Lab2 − CE2
4 l o a d ( ’ ASdata . mat ’ ) ;
5

6 %% System i d e n t i f i c a t i o n
7 f o r i = 1 : 4
8 Zd = d e t r e n d ( ASdata { i } ) ;
9 G{ i } = oe ( Zd , [ 4 4 1 ] ) ;

10 Gf { i }= spa ( Zd , 1 0 0 ) ;
11 end
12

13 %% Nominal model − M u l t i p l i c a t i v e u n c e r t a i n i t y
14 c o l = [ ’ r ’ , ’ g ’ , ’ b ’ , ’ k ’ ]
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15 f o r j = 1 : 4
16 I = c i r c s h i f t ( 1 : 4 , j −1) ;
17 G_stack = s t a c k ( 1 , G { I ( 2 ) } , G { I ( 3 ) } , G { I ( 4 ) } ) ;
18 %G f _ s t a c k = s t a c k ( 1 , Gf { 2 } , Gf { 3 } , Gf { 4 } ) ;
19 G f _ s t a c k = f r d ( G_stack , l o g s p a c e (−1 , 2 , 6 0 ) ) ;
20

21 orderW2 = 4 ;
22 [Gu , I n f o ] = ucover ( Gf_s tack , G { I ( 1 ) } , orderW2 , ’ Inpu tMul t ’ ) ;
23

24 bode ( I n f o . W1, c o l ( j ) ) ; ho ld ( ’ on ’ ) ;
25 W2est { j } = I n f o .W1;
26 end
27 l e g e n d ( ’ G1 m u l t i p l i c a t i v e ’ , ’ G4 ’ , ’ G3 ’ , ’ G2 ’ ) ;
28

29 W1s = t f ( [ 1 2 0 ] , [ 2 0 . 0 0 0 0 2 ] ) ;
30 n = 2 ;
31 W2 = W2est { n } ;
32 W1d = c2d ( W1s , 0 . 0 2 , ’ t u s t i n ’ ) ;
33 W3 = 1 / 1 0 ;
34 K = mixsyn (G{ n } , W1d , W3, W2) ;
35

36 G_stack = s t a c k ( 1 , G { 1 } , G { 3 } , G { 4 } , G { 2 } ) ;
37 T = f e e d b a c k ( G_s tack ∗K , 1 ) ;
38 U = f e e d b a c k ( K , G_s tack ) ;
39 S = f e e d b a c k ( 1 , G_s tack ∗K ) ;
40

41 s t e p ( T ) ;
42 s t e p (U) ;
43 bode (U) ;
44 bode ( S ) ;
45

46 pzmap ( K ) ;
47 Kr = reduce ( K , 3 ) ;
48 pzmap ( Kr ) ;
49 Tk = f e e d b a c k ( G_s tack ∗ Kr , 1 ) ;
50 Uk = f e e d b a c k ( Kr , G_s tack ) ;
51 Sk = f e e d b a c k ( 1 , G_s tack ∗ Kr ) ;
52

53 s t e p ( Tk , ’ r ’ ) ;
54 s t e p ( Uk , ’ r ’ ) ;
55 bode ( Uk , ’ r ’ ) ;
56 bode ( Sk , ’ r ’ ) ;

H∞ Controller is designed using mixed sensitivity approach. W3 �lter is derived to meet the speci�-
cations viz. step of reference signal < 3V and magnitude of input sensitivity function less than 20dB
at high frequencies. The step response of reference signal and closed loop system, bode of input
sensitivity function U and sensitivity function S are shown together in �gure below. We observe
that the controller designed using mixed sensitivity approach meets the speci�cations.
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However, the order of the controller(K) is found to be 9. We looked at the pole zero map of the
controller to see if there are any possible pole zero cancellations. We found that, there are no possible
pole zero cancellations when the reduced order of the controller is 3, shown in �gure below.
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Subsequently, to verify the system performance, we evaluated the step response of reference signal,
step response of the closed loop system and bode plot of the sensitivity functions with the reduced
order controller, results are shown below. Results of the reduced order controller are shown in red.
We see that the reduced order controller performance is similar to the original controller and meets
the design speci�cations.
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2.3 Model-Based H2 Controller Design

The state-space equations of the closed-loop system are :

x(̇t) = A · x(t) +B · u(t)
y1(t) = C · x(t)
y2(t) = −K · x(t)
u(t) = v(t)−K · x(t)

Therefore
x(̈t) = (AB)(t) +B(t)

One seeks a convex optimization problem using LMI :

y∗(t) =

[
y1(t)
y2(t)

]
=

[
C
−K

]
· x(t) = C∗ · x(t)

Further, the optimization problem can be formulated as shown below step by step.

min
(
tr

([
CL
−KL

]
·
[
CT −KT

]))
A · L+ L · AT −B · Y − Y T ·BT +B ·BT ≤ 0
withY = KL

min
(
tr

([
CLCT −CLKT

−KLC KLKT

]))
A · L+ L · AT −B · Y − Y T ·BT +B ·BT ≤ 0
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min
(
C · L · CT +K · L ·KT

)
A · L+ L · AT −B · Y − Y T ·BT +B ·BT ≤ 0

Thus we have three conditions (with γ1 and γ2, two scalar to optimize ) :
Condition 1 : C · L · CT < γ1
Condition 2: K · L · KT < γ2 ⇔Y ·KT < γ2 ⇔Y ·(L−1)T · Y T < γ2 because L is symmetrical so
L−1 is also symmetrical and therefore (L−1)T = L−1

⇔0 < γ2 · I − Y · L−1 · Y T

by the Scur lemma one gets :
[
γ2 Y
Y T L

]
> 0

Condition 3 : A · L+ L · AT −B · Y − Y T ·BT +B ·BT ≤ 0

In the following one �nds the code Matlab to use YALMIP :

• Line 36: d2c is used to get G1.

• Line 33 to 36:The matrix A, B, C and D are then recovered.

• Line 47: This is condition 3

• Line 48: This is condition 2

• Line 49: This is condition 1

• Line 51: One optimize the variables

• Line 53: We recover the controller K

• Line 54: The closed system transfer function is recovered with controller K

• Line 55: As requested in the last question one checks the consistency of the results with the
command lqr

• Line 56: The closed loop system transfer function when controller K is generated by the lqr
command

1 %% Name : Devakumar Thammisetty , Mar t in Vuichard
2 % Course : Advanced c o n t r o l sys tems − S p r i n g 2019 EPFL
3 % Lab2 − CE2
4 c l c
5 c l e a r a l l
6 l o a d ( ’ ASdata . mat ’ ) ;
7

8 %% System i d e n t i f i c a t i o n
9 f o r i = 1 : 4

10 Zd = d e t r e n d ( ASdata { i } ) ;
11 G{ i } = oe ( Zd , [ 4 4 1 ] ) ;
12 Gf { i }= spa ( Zd , 1 0 0 ) ;
13 end
14

15 %% Nominal model − M u l t i p l i c a t i v e u n c e r t a i n i t y
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16 c o l = [ ’ r ’ , ’ g ’ , ’ b ’ , ’ k ’ ] ;
17 f o r j = 1 : 4
18 I = c i r c s h i f t ( 4 : − 1 : 1 , j ) ;
19 G_stack = s t a c k ( 1 , G { I ( 2 ) } , G { I ( 3 ) } , G { I ( 4 ) } ) ;
20 orderW2 = 4 ;
21 [Gu , I n f o ] = ucover ( Gf_s tack , G { I ( 1 ) } , orderW2 , ’ Inpu tMul t ’ ) ;
22

23 bode ( I n f o . W1, c o l ( j ) ) ; ho ld ( ’ on ’ ) ;
24 W2est { j } = I n f o .W1;
25 end
26 l e g e n d ( ’ G1 m u l t i p l i c a t i v e ’ , ’ G2 ’ , ’ G3 ’ , ’ G4 ’ ) ;
27

28 %% 2 . 3
29

30 Gc = d2c (G { 2 } ) ;
31

32 ssR = s s ( Gc )
33 A = ssR . A
34 B = ssR . B
35 C = ssR . C
36 D = ssR . D
37 gamma1= sdpvar ( 1 , 1 ) ;
38 gamma2= sdpvar ( 1 , 1 ) ;
39 Y = sdpvar ( 1 , 4 ) ; %
40 L= sdpvar ( 4 , 4 , ’ symmetr ic ’ ) ;
41 lmi =[A∗ L+L ∗A’−B∗Y−Y ’ ∗ B ’ + B ∗B ’ ] < = 0 ;
42 lmi =[ lmi , [ gamma2 Y ; Y ’ L ] > = 0 ] ;
43 lmi =[ lmi , C∗ L ∗C’ <=gamma1 ] ;
44 o p t i o n s = s d p s e t t i n g s ( ’ s o l v e r ’ , ’ l m i l a b ’ ) ;
45 o p t i m i z e ( lmi , gamma1 + gamma2 , o p t i o n s ) ;
46

47 % E s t i m a t i o n o f H2 c o n t r o l l e r g a i n
48 Kh2 = v a l u e ( Y ) ∗ inv ( v a l u e ( L ) ) ;
49 G_cl_H2 = s s (A−B∗Kh2 , B , C , D) ;
50

51 % LQR g a i n e s t i m a t i o n
52 K_lqr = l q r (A , B , C ’ ∗ C , eye ( 1 ) ) ;
53 G _ c l _ l q r = s s (A−B∗ K_lqr , B , C , D) ;
54

55 s t e p ( G_cl_H2 , ’ b ’ ) ;
56 s t e p ( G _ c l _ l q r , ’ r ∗ ’ ) ;

The values of the two controllers are very close (the di�erence is of the order of 10−4 in the Fig-
ure below). Moreover, we can see on the graph that the responses of the two systems are almost
equal which demonstrates the consistency of the results and that the controller K developed by the
YALMIP method is a good model. Step response of the closed loop system with both LQR and H2
controllers is shown below.
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2.4 Data-driven control design

The same speci�cations as in model basedH∞ are used for the design. Hence, we use same weighting
�lters W1 and W3. Further, we choose integrator with a small gain as initial controller so that the
optimization algorithm can improve teh controller with number iterations.In addition to the model
based H∞ constrains used in 2.2, here we aim to minimise the 2-norm of the tracking error. Hence,
we expect a better performance using this method for the same speci�cations.
We found that the data-driven controller with same W3 �lter as in model based controller give
slightly higher input signal at the start (>3v). Hence, we updated the �lter W3 in data based controller
to keep the input singal below 3v. The results are shown below.
We use ’cinfW1’ and ’cinfW3’ in datadriven.m as constrains to have in�nity norm less than 1. Fur-
ther, we revise the W3 �lter from model based controller from 1/10 to 1/5, to have input signal less
than 3v.
The MATLAB code used for the data driven controller design is given below. We use mosek for
solving the optimization problem.

1 %% Name : Devakumar Thammisetty , Mar t in Vuichard
2 % Course : Advanced c o n t r o l sys tems − S p r i n g 2019 EPFL
3 % Lab2 − CE2
4 c l c
5 c l e a r a l l
6 l o a d ( ’ ASdata . mat ’ ) ;
7

8 %% System i d e n t i f i c a t i o n
9 f o r i = 1 : 4

10 Zd = d e t r e n d ( ASdata { i } ) ;
11 G{ i } = oe ( Zd , [ 4 4 1 ] ) ;
12 Gf { i }= spa ( Zd , 1 0 0 ) ;
13 end
14

15 %% 2 . 4
16 W1s = t f ( [ 1 2 0 ] , [ 2 0 . 0 0 0 0 2 ] ) ;
17 W1d = c2d ( W1s , 0 . 0 2 , ’ t u s t i n ’ ) ;
18 W3 = 1 / 5 ;
19 Ts = 0 . 0 2 ;
20 w = l o g s p a c e (−2 , l o g 1 0 ( p i / Ts ) , 5 0 0 ) ;
21 z = t f ( ’ z ’ , 0 . 0 2 ) ;
22 K i n i t = 0 . 0 0 1 ∗ ( 1 / ( z ^ 1 0 ∗ ( z−1) ) ) ;
23 G_stack = s t a c k ( 1 , G { 3 } , G { 2 } , G { 4 } , G { 1 } ) ;
24 P = d a t a _ d r i v e n ( ’G ’ , G_stack , ’W’ , w’ , ’ cinfW1 ’ , W1d , ’ cinfW3 ’ , W3, ’ K i n i t ’ ,

K i n i t , ’ o r d e r ’ , 4 , ’ Ts ’ , Ts , ’ t o l ’ , 0 . 0 0 0 1 , ’ m a x i t e r ’ , 5 0 ) ;
25 [ Kdd , o b j ] = s o l v e ( P ) ;
26

27 % Data d r i v e n r e s u l t s
28 Tk = f e e d b a c k ( G_s tack ∗ Kdd , 1 ) ;
29 Uk = f e e d b a c k ( Kdd , G_s tack ) ;
30 Sk = f e e d b a c k ( 1 , G_s tack ∗ Kdd ) ;
31

32 s t e p ( Tk , ’ r ’ ) ;
33 s t e p ( Uk , ’ r ’ ) ;
34 bode ( Uk , ’ r ’ ) ;
35 bode ( Sk , ’ r ’ ) ;

The comparison of the data driven controller with the Model based controllers designed in 2.2 is
given below.
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Comparison of Data driven controller performance with model based controller

We observe that the data driven controller gives better tracking as seen from the �rst sub plot. Fur-
ther, all the design speci�cations are met. In summary, data driven controller for this problem gave
better performance when compared to model based controller interms of tracking, input reference
signal amplitude.

Conclusion

In this exercise, we identi�ed a nominal model from various test data. Further, we estimated var-
ious �lters for meeting the controller design speci�cations. Subsequently, we designed controllers
using di�erent methods such as model based H2 and H∞ methods and Data driven methods. The
results of various controllers are compared. It is observed that, the controller design using various
methods meets the design speci�cations. However, the data based controller gave the best tracking
performance in addition to meeting the controller performance speci�cations.
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