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Abstract

An open source, extensible pseudo-spectral collocation based multi-phase nonlinear optimal control
problem (OCP) solver package named MPOPT is developed as part of the thesis. While a number
of OCP solvers already exist, the present package takes advantage of the latest developments in
Nonlinear programming problem (NLP) formulation methods. The package written in the Python
programming language, transcribes a given OCP into an NLP that is compatible with another open
source tool (CasADi) and solves the NLP using various available solver plugins. CasADi is a non-
linear optimization tool that is gaining popularity due to its algorithmic differentiation capability.
The MPOPT package is validated with multiple test cases covering single-phase, multi-phase OCPs
including a standard multi-stage launch vehicle ascent trajectory optimization problem.

The package is further extended with three custom developed adaptive grid refinement techniques
to produce robust solutions. A unique feature of the proposed grid adaptation techniques is that
the number of collocation nodes remain the same throughout the grid refinement process barring
the need for NLP reformulation in between iterations. While the first two proposed grid refinement
techniques are iterative in nature, the third method optimizes the segment widths along with the
original optimization problem itself. The proposed algorithms have been tested on standard test
cases for grid adaption techniques namely moon lander OCP and hypersensitive problem. Although
all of the proposed methods are found to be successful in solving the test cases, the choice of the
total number of collocation nodes is still a parameter chosen by the user.
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1 Introduction

Optimal control problem solvers derive control laws that optimize given performance index of engi-
neering systems while satisfying the underlying system dynamics and operation constraints. Opti-
mal control problem (OCP) formulations have become increasingly popular across many disciplines
of science and engineering due to the increasing complexity of engineering systems and thanks to
the advent of computational capabilities of modern computers. Due to the advances in computa-
tional control, the OCPs are not only being solved offline but also in real time [1]. Aerospace is one
of the field that is known to have stringent requirement in real time computations due to the inher-
ent complexity of the physical systems and robustness requirements. For example, the trajectory of
a reentry vehicle which often translates into highly nonlinear, non-convex optimal control problem
with stringent constraints needs to be solved in the order of few milliseconds to land safely [2] [3].

To solve such complex and challenging optimal control problems, one needs robust and compu-
tationally efficient solvers. While recent advances in nonlinear programming have lead to very
efficient NLP solver code implementations [4] [5], there is still a need to develop not only robust
but also computationally efficient numerical OCP solvers. Most of the existing robust OCP solvers
are either commercial or require a steep learning curve to get started. While addressing some of
the aforementioned limitations of existing OCP solvers, the present thesis concerns itself with the
development of a new open source, extensible software for solving the multi-phase OCPs using
pseudo-spectral collocation method fully utilizing the recent advances in NLP formulation methods
[6]. The proposed package offers a perfect platform for the open source community, students, and
the researchers likewise to experiment, extend, and customize with the latest developments in the

field.

While the literature reveals that there are a rapidly growing list of optimal control problem solvers
[1] [7] [8] [9] [10] [11], two of the solvers GPOPS-II, PSOPT are found to be popular choices in
optimal control. GPOPS-II, a multi-phase OCP solver, written in MATLAB is based on pseudo-
spectral collocation using Legendre-Gauss-Radau collocation points. Inbuilt with various adaptive
mesh refinement techniques [12] and extensive documentation of the algorithm and examples of
usage, it is a popular choice for commercial usage. The commercial nature of the software not only
limits the usage but also prevents it to be extended. Another popular software PSOPT, written in
C++ also featuring pseudo-spectral collocation is an open source solver [8]. Although PSOPT is
well documented with extensive examples, it requires a steep learning curve to be able to solve new
optimal control problems due to its nonintuitive interface.

The present package written in Python programming language is not only open source but also
comes with a set of customized grid refinement techniques. Concisely written in Python, the solver
is easy to use making it a perfect choice for the student, academic, and research community across
educational and public institutions. The software is provided with various examples ranging from
simple single-phase OCPs to complex Multi-phase OCPs. The package designed in modular fashion
makes the implementation of customized OCP formulations easy with very little effort in program-
ming. Inbuilt with various adaptive grid refinement techniques, the package provides competi-
tive computational capabilities and solves complex problems such as rocket landing and multistage
launch vehicle ascent optimization accurately. While python being the popular choice of program-
ming language among open source community, the software is extensible making it accessible to a
wider audience.

The thesis is divided into five sections. In the first section, a brief background of the OCP solution
methods is discussed along with the scope of the package. Subsequently, a detailed description of
the NLP transcription algorithm that is implemented in the package is given in the second section.
The third section gives details of the solver implementation and the MPOPT algorithm. The fourth
section demonstrates various aspects of the solver through three specific test cases from the liter-



ature. Finally, the last section discusses three adaptive grid refinement techniques developed and
implemented as part of the thesis, along with descriptive examples.

2 Background

A generic optimal control problem in standard Bolza form is given in Equation 1, includes objective
function (J), system dynamics (f), path constraints (g), terminal constraints (h) and box constraints
on state and control variables. The OCP solvers find a control law that minimizes the given objective
function while satisfying the constraints. In contrast to single-phase OCP defined in Equation 1,
multi-phase OCP defined in Equation 2 contains multiple phases. While each phase of a multi-
phase OCP can have different dynamics, constraints and objective function, the terminal states of
each phase are related to their adjoining phase through event constraints.

Optimal Control Problem in Standard Bolza form (Single-phase)

ty
IItliItl J = M (xg,to, xy,t5,5) +/ L(z,u,t,s)dt (1a)
x,u,to,ty,s 0
subject to T = f(x,u,t,s) (1b)
g(z,u,t,s) <0 (1c)
h(xo,to, x5, tp,5) =0 (1d)

Methods to solve optimal control problems

Numerical methods to solve OCPs can be broadly classified into two categories namely indirect
methods and direct methods [13]. Indirect methods solve OCPs using Pontryagin’s Maximum Prin-
ciple which eventually results in two-point boundary value problem. While these methods are suc-
cessfully employed in many aerospace applications, they are known to be sensitive to initial guess.
In addition, initial guess for co-state and adjoint equations is also difficult to obtain. Another diffi-
culty with indirect methods is that OCPs with path inequality constraints are difficult to solve [14]
[13]. Direct methods overcome most of the problems encountered with indirect methods.

Direct methods transcribe the given OCP into a Nonlinear Programming problem (NLP) using var-
ious approximation methods i.e. single shooting, multiple shooting, collocation etc.. The NLP is
then solved using various standard NLP solvers. Direct methods have gained popularity due to their
ability to solve complex OCPs with ease. While there are different methods for the transcription of
OCPs, pseudo-spectral methods have gained attention in direct optimization due to their potential
fast convergence for continuous systems with high accuracy [14] [15].

Pseudo-spectral collocation method approximates the state and control variables using a set of or-
thogonal basis functions. The collocation roots are often chosen from the roots of a class of or-
thogonal polynomials called Jacobi polynomials. Pseudo-spectral methods are popular in numerical
approximation of solutions to complex differential equations since they converge exponentially to
the exact solution with increasing number of basis functions [16]. While the pseudo-spectral col-
location has become popular choice in solving OCPs, an accurate transcription of continuous time
OCP into a NLP is a challenging task. The transcription process itself involves approximation of the
states and control trajectories using polynomials. While different choices for the polynomials exist,
robust OCP solvers use various adaptive grid refinement techniques [9] to find robust solutions. The
process of finding the robust solutions is not only challenging in nature but also a computationally
expensive exercise limiting the application of existing OCP solvers in real time.



3 Multi-phase Optimal Control Problem Solver

Continuous time multi-phase OCP is transcribed into a nonlinear programming problem (NLP) us-
ing the Pseudo-spectral collocation method. The transcription process involves the approximation
of derivative and integral operators. A generic, unique algorithm for the transcription of continuous
multi-phase OCP which is valid for not only pseudo-spectral collocation but also for global collo-
cation approximations is developed in this section. While in literature, transcription algorithms are
often developed for specific polynomial approximations such as Legendre-Gauss, Legendre-Gauss-
Radau, the present algorithm does not make any assumptions on the collocation roots which makes
it very generic.

3.1 Continuous Multi-phase OCP

A multi-phase continuous time OCP with /N, number of phases is often represented in standard
Bolza form as follows. Let, superscript p represents the phase index, p € [1,... N,|. Further, let
xP € AP C IR" represent the state vector of dimension n, and u? € U? C IR"™ represent the
control vector of dimension n,. Define t§ € 7" C R and t}; € T/ C IR as the start and final times
of the phase p respectively. Further, let 7 € [t], t?] represent a continuous time variable in phase
p. Finally, define a? € AP C IR" as the set of algebraic parameters in phase p. Then continuous
multi-phase OCP standard Boltza form is represented by Equation 2.

NP tp

!
min Z M® (xp(tg),xp(t?),tﬁ,t?,ap) —i—/ LP) (xP uP, P, aP) dt (2a)

xP,uP,th?,aP p— tg

subject to xP = £P)(xP, uP, ¥, aP) (2b)
g®)(xP uP t? aP) <0 (2c)
h®) (x”(th), x(1h), th, 17, a") = 0 (2d)
e <e(x'(ty), x"(t)), th, t,a', ... x ("), x 0 ("), 1%, 137, a™) <& (2e)
x'e X uwel’; teTly; theTf; a’e A (2f)

Where MP)| L) represents the terminal cost, running cost in phase p often called as Mayer term
and Lagrangian respectively. The system dynamics at time ¢” are defined by the function £, Like-
wise, the path constraints in phase p are defined by the function g®. Further, the equality con-
straints on terminal time and state vectors are defined using the function h®). In multi-phase for-
mulation, each phase is connected to other phases through their terminal time and state vectors
through event constraints represented by the function e in the standard Bolza formulation in Equa-
tion 2.

3.2 Discretization of multi-phase continuous OCP

The discretized approximation of the continuous time multi-phase OCP often results in a NLP given
in Equation 3. The NLP is written in terms of matrices (D, F, G, H, E, W, Q) which are defined



based on the type of collocation approximation.

NP
it 2] &
s. t. 0=DXP—-F =0 Vp=1,...,N, (3b)
—o00 =GP <0 Vp=1,...,N, (3¢)
0=H” —0 Yp=1,...,N, (3d)
E =E ~F VieP (3€)
XP e XP; UP e UP; Vp=1,...,N, (3f)
to€Tg: the €Tf; @€A% Vp=1,...,N, (3g)

The discrete approximation of multi-phase continuous OCP presented in Equation 3 is a unique
representation due to the following reasons. Firstly, all terms of the NLP are expressed in terms of
matrices to ease the implementation in software. While other formulations express the system dy-
namics and constraints in matrix form, the objective function is typically given in scalar form with
multiple summations. The present formulation introduces two matrices (W, Q) to construct stage
cost in a given phase. Secondly, the transcription doesn’t make any assumptions on the segment
width in case of multi-segment pseudo-spectral collocation, the segment width is included in the def-
inition of matrices (W, F) to enable implementation of various grid refinement schemes. In litera-
ture, the multi-segment transcription often deals with equal segment width collocation. Thirdly, the
transcription holds for major collocation approximations namely global collocation, pseudo-spectral
collocation etc. with only two matrices (W, D) changing from one approximation to another. Lastly,
it is a generic representation that holds for single-segment and multi-segment pseudo-spectral col-
location for not only a single phase but also multi-phase OCPs. While in literature, generally single
segment formulations are extended to multi-segment collocation, the algorithm developed in this
section formulates multi-segment approximation as an equivalent single segment approximation
with appropriate construction of derivative and integral approximation matrices (D, W).

The algorithm used for the construction of matrices (D, F, G, H, E, W, Q) for multi-segment pseudo-
spectral collocation in the package and various terms in NLP are described in this section.
Multi-segment pseudo-spectral collocation

Let the domain of each phase (p) be split into N? number of segments. Define d? as the degree of the
approximating polynomials for state and control vector in segment s of phase p. Let, N? represent
the total number of discrete collocation nodes in a given phase p excluding the starting node. Then,
N? is related to the polynomial degree d?, given by Equation 4.

N
NP =Y dr (4)
s=1
Definition of optimization variables

Let X = {Xp o Vp=1,... Np} represent the set of discretized state variables. Further, let Xf , uf ,
t! represent the state vector, control vector and discrete time variable respectively at it collocation



node in phase p. By construction i € [0,1,... N?]. Further, let the state vector at collocation node

i, of dimension n, be represented with scalar entries as x} = [z} ... 2]*]T.
1 Ny p
xo ... .ro
b p o 17 B
P _— —
X _[XO X] oo Xpelo o= 0 : (5)
1 N
TNE TNz
Let control vector at collocation node 7 in phase p be given by u? = [u}...u*|T. Let U =

{ ur, Vp=1,... Np} be a set of discretized control vectors over all phases. Define the control
vector (UP) for a given phase p as follows,

1 Nu p
0 0
) - » 17 uj ... uf
U :[uO u; ... uNf] =1 . . : (6)
1 L
UNCP DY uNg

Define 7 = { <tg, ti)vp> ;o Vp=1,... Np} be a set of discretized start and terminal times over all

phases. Further, let A = {ap ;o Vp=1,... Np} be a set of algebraic parameters to be optimized.

Multi-phase formulations require definition of relation between terminal variables of different phases.
Let, P = {(pi,pj) | pi,pj €[1,...,Nplspi > pj} define the set of predefined connecting phase pairs
indices.

Mayer term approximation (/)

Now, Mayer term (M?) corresponding to phase p can be written using the discrete variables at phase
starting and terminal times, given by Equation 7.

MP = MO (b x5, 85,15, a7 ”)

Running cost approximation (L)

Let 1”2 be the segment width fraction for segment s in phase p, defined such that the actual width of
segment s is given by Equation 8.

Actual segment width = <t’])Vp — tg) X hP and (8)
NY
> h=1; Vp=1....N; 0<h <1 9)
s=1

Further, let rf be the segment width fraction corresponding to ith collocation node in phase p. Then,
r? is related to h®, computed using Equation 10.

s—1 s
rP=nb i Y A <i<) dh Vpell,..., N (10)
j=1 J=1

Pseudo-spectral collocation basis is often defined in the interval [-1, 1]. Defining a variable 7 &
[—1, 1] simplifies the approximation of integral operator. Let’s define a variable 7 € [—1, 1] which



maps start time and final time of each segment to -1 and +1 respectively. Further, let (t5,,, ¢34

represent start time and end time of a given segment s respectively. Then, absolute time in any
given phase p can be computed using Equation 11.

S _ ts ts _|_ tS
P _ end start end start 11
(r) =t~ g (1)
s—1
= (B = 10) % DM (12
i=1
= (G = 1) < o0 (13
i=1
Then, the integral operator in continuous time OCP is approximated by Equation 14 as follows.
t NY (t’]’V,, — té’) X h?
/ LP) (xP uP, P, aP) dt= Z - 5 / £ (xP(7),u’(7),t"(),a”) dr  (14a)
tg s=1 —1
N7 (t’;vp . tg) x hp
- LS £ (ol 7, o) (14b)
s=1 =0
_wT
=W, Q" (14c¢)

Where, the matrix QP, for given phase index p is given by Equation 15.
(the —th) x 7 % LO (<, ut, 17, 20)
2

Further, the composite quadrature weights matrix (W?) is computed based on the selected quadra-
ture scheme and collocation nodes. Specifically, if the quadrature weights corresponding to a set of
given collocation points {7; ... 7,z } in segment s are denoted by [w] | for all segments except the
starting segment and the weights in first segment are defined by [w] (@2+1)x1 including the starting
node, then the composite quadrature weights matrix is given by Equation 16.

p

Vi=0,1,...,N? (15)

Q= [Qi](Ng’+1)x1; q; =

W1
Wo

WP — : (16)

W prP
Ns I (NP+1)x1

System dynamics matrix (F)

The matrix corresponding to the system dynamics (F) is constructed as follows,

F? = [lT] P VP:L"'va (17)
(Nc+1)><nz
(e = 1) x 17 x £ (x4, w7, &)
pooo 2 T V00N ()

In short, the system dynamics matrix in phase p can be written as in Equation 19.

fo o Rt
[

FP=|"" : (19)
fae - T



Path constraints matrix (G)

The matrix corresponding to path constraints (G) is constructed as follows. Let nf. be the number
of path constraints at a given collocation node in phase p. Then,

< - [gﬂ (N2 1)xnd =1 Ny (20)

g =g? (x},uf, tf,a") = [g",.... "] ¥i=0,1,...N?  (21)

77 71

In short, the path constraints matrix in phase p can be written as in Equation 22.

gé .. gg”c P
g .og
gr=|"" 7 (22)
) Mpe
e - Gup

c

Terminal constraints matrix (H)

The terminal constraints matrix (H) can be construction as follows. Let n}, be the number of terminal
constraints in phase p. Define n;. = EN” nt.. Then,

p=1
H? - [hpT} : Vp=1,....N,  (23)
Nie X1
h;‘f =h" <X€, X5, 1, Urs ap> = [n',... )T (24)

In short, the terminal constraints matrix in phase p can be written as in Equation 25.

7 SR il
hi ... b

H = | . : (25)
N

Event constraints matrix (E)

The event constraints matrix (E) which connects different phases is constructed as follows. Let,
el €l el be the lower bound of discontinuity in states, controls and time across the linking phases
pair [ € P. Let, €., 2,2 represent the upper bound of discontinuity in states, controls and time

variables respectively. Let n. be the number of event constraints per phase pair [ € P. Then,

E _ [el] ; Viep (26)
ne X1
Xf\’jgi —xp’
e = uf\;fi —uy’ V(pi,pj) =1€P (27)
tpi . tpj
;b



The lower bound and upper bound on the event constraints are as follows,

4.
Ne X1

a
o~

=
Il

VieP (28)

[e)

1
|2 [ 2|

E= [él VieP (29)

|
ne X1

L.

Derivative operator approximation (D)

Finally, the composite derivative interpolation matrix (DP”) is constructed depending on the type of
collocation approximation as given below.

INTERPOLATION OF STATES AND CONTROLS IN A SINGLE SEGMENT :

Let, the interpolation polynomial at i*" collocation node be represented by ¢;(7) where the collo-
cation node indices are given by i = 0,1,...d? and the domain of the interpolating polynomial
defined by 7 € [—1,1]. Further, let x;, u; represent the discrete time state and control vectors at
collocation node 7 in the given segment s. Then, by construction, state and control vectors in a given
segment s can be approximated using interpolation polynomials using Equation 30.

d? d?
X'(r) =) xhi(r);  u(r) =) wei(r) (30)
=0 i=0

Define collocation nodes in a given segment s by 7,71 ...7;. The collocation methods satisfy
dynamics and constraints exactly at the collocation nodes. Therefore, the interpolating polynomials
have unique properties given in Equation 31.

¢i(i) = 1; ¢i(7j) = 0; V i,j=0,...d%i#j (31)

CHOICE OF ORTHOGONAL POLYNOMIAL BASIS :

Lagrange polynomials constructed as below are natural choice of interpolating polynomials in col-
location.
ds
T —1T,
L) = 1] . (32)
e, Ty — Ty
J=0;57#1
In pseudo-spectral collocation, orthogonal polynomials offer a better approximation of integral and
derivative operators and converge exponentially to the actual solution with respect to the degree of
the approximating polynomial.

INTERPOLATION OF DERIVATIVES OF STATES AND CONTROLS IN A SINGLE SEGMENT :

Lets assume that a collocation basis has been chosen and the interpolating polynomials are repre-
sented as ¢;(7) corresponding to i*" collocation node in segment s. Then, the derivative of the state
and control in a given segment s is given by Equation 33.

d? d?
x*(1) = Z xii(1) & u(r) = Z ;¢ (7) (33)
i=0 i=0



The derivative of state vectors in a given segment s at predefined nodes (7, 7 . . . 7,») in matrix form
is given by Equation 34.

%(TO) édf;(To) X0
x*(1) = : : © | =Dx? (34)

Go(tar) .. Gar(Ta)| |Xaz

Popular schemes for the selection of collocation points using Legendre polynomials include Legendre-
Gauss (LG), Legendre-Gauss-Radau (LGR) [14] and Legendre-Gauss-Lobatto (LGL)[17] roots. Similar
schemes exist for Chebyshev orthogonal polynomials (CG, CGR, CGL) [18].

The primary difference in a collocation roots scheme that concerns the composite differentiation
matrix is that, if the roots include the terminal points of the interval [-1, 1] or not. For example,
LG or CG schemes do not include both the terminal points whereas LGR or CGR schemes include
one of the terminal nodes [19]. Unlike Gauss (LG) or Radau (LGR) schemes, Lobatto (LGL) scheme
includes both the endpoints. In this package, we consider only schemes that include right endpoints
in collocation roots.

Then, the composite differentiation matrix for a given phase p, with N? number of segments is
constructed as follows.

Consider the schemes where the right terminal node (+1) is included in the roots of the collocation
scheme (i.e LGR, LGL, CGR, CGL etc.). Note that, in this case, the terminal node of a given segment
is also the starting node of the next segment. Hence, the NLP formulation uses the same variable
for both nodes. For this reason, the structure of the composite derivative matrix (D?) resembles
Equation 35 where the last column of each segment interpolation matrix is aligned with the first
column of next segment interpolation matrix.

STRUCTURE OF COMPOSITE INTERPOLATION DERIVATIVE MATRIX :

Lets consider a collocation approximation of a given phase p, where states and controls are ap-
proximated with polynomials of orders {4, 2, ..., 3, 2} respectively in each segment. Then the
composite differentiation matrix (D?) is constructed from differentiation matrices of each segment
(Ds;s =1,... NP) aligned along the diagonal as shown in Equation 35. Each square block in Equa-
tion 35 represents a derivative interpolation matrix (D) for respective segment. Note that the ter-
minal collocation node of each segment is aligned with the starting node of the next segment.

° o o o
o o o o
o o D o o
°o o o o
° o ° o
o o
ODQ
e o o
D = . (35)
e o o o
e Dpr_ o
o o o o
e o o o
e o
e Dy
e o o

: 1 (NN (N2+1)



3.3 Interpolation of states and controls at non-collocation nodes

The OCP transcription defines states and controls at the collocation nodes. However, it is often re-
quired to compute the value of states and controls at nodes different from collocation nodes. Given
state and control variables (X”, UP) at collocation nodes in phase p given by Equation 5 and Equa-
tion 6 respectively, the states and control variables at non-collocation nodes represented by X%, UY
respectively, can be computed via a projection operation defined in Equation 36.

XP = CIXP;  Ub = ChUP; (36)

Similarly, the derivative at the interpolation points / can be computed via another projection oper-
ation using composite differentiation interpolation matrices (D%) as follows,

X" = DYXP; U? = DYUP; (37)
Where the composite interpolation matrices (C¥;p = 1,..., N,) and composite derivative interpola-
tion matrices (D};p = 1,..., N,) depend on the choice of non-collocation nodes and the polynomial

basis. In multi-segment collocation, the non-collocation nodes can be chosen either relative to the
segment grid or relative to the phase (i.e fixed grid).

Adaptive mesh refinement strategies which are discussed later in section 6, utilize the state and
control variables at non-collocation points while refining the grid. In addition, residual in system
dynamics evaluated at the non-collocation nodes is a good measure of the quality of the solution.

The construction of composite interpolation matrices and composite derivative interpolation matri-
ces on a relative grid as well as the absolute grid is presented in this section.

Interpolation at predefined points relative to segments

Let7® ={r | 7, € [-1,1];i = 0,...,d"} be the set of collocation points in the segment s and phase
p. Let 8¢ = {¢3;i =0, ..., dP} represent the set of basis polynomials corresponding to collocation
nodes in 7°. Then, by construction, the interpolated state and control vectors can be computed in
terms of collocation variables (x;, u;) using Equation 38.

dy dy
x*(r) =) xi(r) & u(r) =) wei(r) (38)
=0 i=0

Further, let 7° = {7/;i = 1,...,1?; 7/ € [~1,1]} be I? number of predefined points that define
the locations where the value of the states and controls are to be computed in the segment s and
phase p. Then, the interpolated states in segment s can be computed using Equation 39. Note that

the basis polynomials are evaluated at the interpolation points (7).

X1 Go(mi) - (T Xo

= Cx° (39)

X§§ (b(] (Tj[g)) e ¢d§ (Tlf) (@4 1) ng

Finally, the composite interpolation matrix (C%) for the given phase p can now be constructed by
arranging the segment interpolation matrices Cy;s = 1,... N, (Equation 39) along the diagonal
such that the last column of each matrix is aligned with the first column of interpolation matrix
from the next segment as shown in Equation 35.
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Similarly, the derivative interpolation matrix(D;,) at interpolation points (7;°) is computed using
Equation 40.

X do(ri) - dar(r]) Xo

y . .

X T . p (TP X P

I3 bo(Tpr) Gaz(Tr7) x@en S5

The composite derivative interpolation matrix(D%) corresponding to interpolation points in phase
p can be constructed by arranging the individual derivative interpolation matrices of each segment
(Equation 40) along the diagonal such that the last column of each segment is aligned with the first
column of next segment as shown in Equation 35.

Interpolation onto a fixed grid relative to each phase

Interpolation using collocation points defined relative to each segment often results in a non-uniform
grid when the segment widths are not equal. It is often useful to interpolate the states and controls
onto a globally fixed grid instead of the local grid relative to each segment. Construction of the global
interpolation matrix and derivative interpolation matrix with respect to a fixed grid is described in
this section.

Let the time domain of a given phase p be mapped to a scaled domain 7 = [0, 1]. Further, define
the fixed interpolation grid in time domain in the form of scaled interpolation time variables 7; as
T = {T,- | el0,1;i>) = m>71;Vi=1,...,Np; } Then, the global interpolation points
defined in 7; can be mapped onto the local grid relative to each segment as follows.

LetH = {h2;s = 1,..., NP} be a set of segment width fractions in phase p defined as in Equation 9.
Further, let SP denote a set of cumulative sum of the segment width fractions in phase p defined by
Equation 41.

Sp:{si; iZO,...,Np'

59 80:0; SZ'_H:S,‘—}—hf \V/Zzl,,Nf} (41)
Then, the interpolation points (7; k = 1... NP) relative to segment k are uniquely related to the
nodes in fixed grid 7;, given by Equation 42.

ﬂk:{%| sic1 < 1 < 855 8 € 5P Tjeﬂ;jzl...NI;izl...Nf} (42)

Finally, the composite interpolation matrices and derivative interpolation matrices corresponding
to fixed grid are computed at local nodes in 7% using Equation 39 and Equation 40 respectively.

Estimation of residual in dynamics at non-collocated nodes

Let 7 = {T}; k = 1...N}} with T;* computed using Equation 42, represent the set of points
over phase p where the residual is to be computed. The state and control vectors corresponding
to the interpolation points (7) are evaluated using composite interpolation matrix (C%) defined in
Equation 36. Similarly, the derivative of states and controls are estimated using composite derivative
interpolation matrix (D”) defined in Equation 37. Then, residual in dynamics at 7; € 7 is estimated

using Equation 43.
R? = DYX? — F? (43)

Where, the interpolated system dynamics matrix F in phase p is given by Equation 46, computed
as follows.
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Let N7 represent the total number of interpolation points in 7. Then,

¥’ :[f;’T]p : Vp=1,...,N,  (44)
N7 Xng

(11 = 1) x 2 6 (2 a0)
f? = - 2 :[flv'“afnz]T Vizl,...N}) (45)

Where the states and controls at interpolation points (2
projection operation defined in Equation 36.

i =1,...N7)are computed using the

IR l’

In short, the interpolated system dynamics matrix in phase p is given by Equation 46.

B ]
wo | L (46)
f}vg pr

3.4 Algorithm for transcription of Multi-phase OCP

The transcription of continuous multi-phase OCP using collocation results in a Nonlinear program-
ming problem (NLP) represented by Equation 3. The standard NLP solvers require the NLP to be
represented in standard form given in Equation 47.

m}}n J(X) (47a)
subject to LB <F(X)<UB (47b)
X<X<X (47c)

The algorithm used to create a standard NLP (Equation 47) using collocation approximation de-
scribed in subsection 3.2 is outlined in Algorithm 1.

12



Algorithm 1 NLP formulation of multi-phase OCP

1: procedure NLP(JN, : No. phases, N? : No. seg. in each phase, d” : deg. poly. in each segment)
2 for Each phase (p)in [1,..., N,| do
3 (Xp UP, t5, t‘?vp, aP) < Create optimization variables > Variables (Equation 5)
4 (DP, W,) < Compute collocation approximation > Collocation matrices (Equation 35)
5: (F? Bp UBY ) <= Construct system dynamics matrix > Dynamics (Equation 18)
6 (Gp LBp UBp i) < Create path constraints matrix > Path constraints (Equation 21)
7 (H?, LBZ, UBp . ) < Create terminal constraints vector > Terminal con. (Equation 24)
8 (AP, LB? UB?) < Additional constraints (if any) > Additional con. (subsection 3.6)
9: Q? < Compute running costs matrix > Lagrangian (Equation 15)
10: F «+ (DPX? — F? GP, HP, AP) > Update NLP constraint vector
11: LB «+ (LB’} = 0,LB? = —o0,LB;, = 0,LB?) > Update NLP cons. lower bound
12: UB «+ (UB% = 0,UB} =0,UBj, = 0,UBY}) > Update NLP cons. upper bound
13: J — (MP + W!QP) > Update cost variable (Equation 3a)
14: X «+ (XP, UP tg , ti’vp, a’) > Update NLP variables vector
15: X <+ LowerBound(X?, U?, t5, ti’\,p, aP) > Update NLP variables lower bound vector
16: X < UpperBound(X?, U, t}, thrs ab) > Update NLP variables upper bound vector
17: (E,LB,, UB,) < Construct event constraints matrix > Event constraints (Equation 27)
18: F+«E > Update NLP constraint vector
19: LB + LB, > Update NLP constraint lower bound vector
20: UB «+ UB., > Update NLP constraint upper bound vector

21:  return (F,LB,UB, J, X, X, X)

3.5 NLP Sparsity pattern

Collocation methods are known to produce sparse NLP. Further, a multi-segment multi-phase OCP
transcription often results in large NLPs. The sparsity pattern of such complex NLPs plays a signif-
icant role in the performance of NLP solvers. The NLP matrices created using Algorithm 1 ensure
that the NLP is sparse by placing the collocation approximation matrices along the diagonal. The
proposed algorithm results in a sparse NLP that compares very well with the sparsity pattern of
GPOPS-II [9].

3.6 Additional constraints in NLP

In addition to the constraints in continuous time OCP in standard Bolza form, it may be required
to impose additional constraints on state and control variables for various reasons. For instance,
the derivative of a control signal may be constrained to enforce the actuator limitations in physical
systems. This constraint is not part of the standard OCP formulation described in the previous
section.

Another set of useful constraints may be defined as follows. While collocation approximation of the
continuous time multi-phase OCP enforces system dynamics exactly at the collocation points, it is
possible that the actual constraints are violated at non-collocation nodes. Generally, this problem
is resolved by increasing the number of collocation points. However, it might be useful to apply
additional constraints at non-collocation points using projection operations defined in Equation 36
to the original NLP.

In general, additional constraints on states and control vectors may be grouped into two categories.
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1. Constraints on states and control vectors at collocation points. These may include following
types.

« Box constraints on slope of control or state variables
LBy, < DPX? < UBg; LBy, < D"U” < UBy, (48)
+ Box constraints on higher order derivatives
LBy, < D"X? < UBgng; LB, < DU < UBgy, (49)
+ Continuity of control slope across the segments in Multi-segment collocation

P
ds+1

Dxp = Dt ixs s=1,...,NF -1 (50)

2. Constraints on states and control vectors at non-collocation points. These may include fol-
lowing types.
+ Box constraints on state and control vectors a non-collocation nodes (Equation 39)
LB, < C'X? < UB,; LB, < C/U? < UB, (51)
« Constraints on residual in system dynamics at non-collocation nodes (Equation 43)
LB, < D'X? — F/(X}, U}, tP,a?) < UB, (52)
« Path constraints enforced at non-collocation nodes

LB, < G(X?, U?, 17, a?) < UB, (53)

In collocation, aforementioned constraints are easily implemented. Specifically, features to enable
box constraints on control slope, box constraints on control variables at non-collocated nodes often
results in better approximation of solution. Further, multi-segment pseudo-spectral collocation often
results in optimal solution that has discontinuity in slope of control across segments which may not
be preferred for various reasons. The continuity of control slope across multi-segment collocation
is easily implemented with appropriate construction of interpolation matrices using Equation 50.
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4 Implementation of the multi-phase OCP solver

The solver package implements various modules to solve multi-phase optimal control problems in
Python programming language. At the outset, the solver programmed in Python takes full advan-
tage of automatic differentiation feature provided by CasADi [20]. In addition, various the NLP
solver plugins available with CasADi which include popular solvers IPOPT, SNOPT, BlockSQP etc.
are used to solve the NLP formulation. The modular design of the software allows independent
implementation of four objectives in the solver namely OCP problem definition, Collocation ap-
proximation, NLP definition followed by call to appropriate NLP solver and post processing. While
the NLP transcription algorithm is presented in previous section, the details of implementation of
remaining modules and various design choices are discussed in this section.

4.1 Collocation approximation
Collocation points

Collocation roots are central to the convergence property of pseudo-spectral collocation. While
the software design allows custom definition of collocation points, well known Legendre-Gauss-
Radau (LGR), Legendre-Gauss-Lobatto (LGL), Chebyshev-Gauss-Lobatto (CGL) roots are presently
supported. Moreover, scipy.special modules allows the computation of roots of various orthogonal
polynomials popular in spectral methods including Jacobi polynomials.

The three schemes supported in the present implementation derive collocation roots using Legendre
or Chebyshev polynomials. The relative location of nodes vary depending on the choice of orthog-
onal basis. For instance, the nodes in LGR, LGL and CGL schemes for approximating polynomials
of order 4 are shown in Figure 1. Note that the LGR collocation does not include the lower bound
of the default domain.

Chebyshev-Gauss-Lobatto 1 4 A A A A

Legendre-Gauss-Lobatto -

Legendre-Gauss-Radau 4 ¢ ¢ ¢

-1 0 1
Roots of orthogonal polynomials of degree 4

Figure 1: Location of collocation nodes for various orthogonal polynomials of order 4

Orthogonal basis and interpolation polynomials

The software implements interpolation based on Lagrange polynomials (Equation 31). While La-
grange polynomials are easily defined for any collocation basis, orthogonal collocation roots are
most preferred due to their spectral property. Further, differentiation approximation and quadra-
ture rules are computed numerically using the numpy polynomials package. One of the ma-
jor drawback of numerical approximation is that the noise in derivative approximation is amplified
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with the degree of the approximating polynomials. However, from experience it is found that the
numerical approximations work very well for polynomials of order up to 20.

While the software design allows for the exact definition of derivative operator and Gaussian quadra-
ture for Legrange and Chebyshev orthogonal basis it is still a work in progress.

4.2 Initial solution estimate

NLP solver often requires a good initial solution to solve the NLP accurately. Further, a good initial
solution estimate not only makes it easy to solve but also makes NLP converge faster to an optimal
solution. From experience of solving various OCPs it is observed that there are two popular ways
to succeed in solving complex OCPs. While the first method is to simplify the OCP formulation,
second method is to have an good initial guess. Further, it is observed that a good initial estimate is
often necessary to solve highly non-linear OCPs.

Initialization method in the present package is based on linear interpolation of initial guess for states
and controls at start time and final times of each phase defined by the user while defining the OCP. If
z08, x f§ represent the initial guess for the state vector in phase p at the expected start time and final
times of phase p (05, ¢ ') respectively, then the state, control vectors at intermediate collocation
nodes (t) are computed based on linear interpolation given in Equation 54, Equation 55 respectively.

(xf§ — 0p)
(tfg — t0p)
(ufg — ulp)
(tf5 — 105)

zh(t) = z08 + (t —t0f) (54)

ub(t) = ulh + (t — t0p) (55)

4.3 OCP definition

The solver requires a well-defined optimal control problem to solve the problem. While the structure
of the OCP in Bolza form makes it simple to define the OCP, the implementation of a well-defined
OCP is not easy for multiple reasons. First of all, not all OCPs in practice have all the elements of
standard Bolza form. For example, some OCPs many not have path constraints or box constraints
on states and controls. Secondly, some parameters of the OCP have default values for most of the
OCPs, hence it might be useful to initialize them accordingly. For example, it might useful to create
a phase link pairs assuming the multi-phase OCP has phases linked in series which is the most often
the case. At present, all elements of a multi-phase OCP in standard Bolza form are initialized with
default values given in Table 1 at the initialization of OCP class. Subsequently, the user updates
definition of appropriate variables.

For completeness, the OCP definition along with the default values of initialized parameters and
syntax for the definition of all elements of standard OCP is given in Table 1.

4.4 Additional options in OCP definition

Additional constraints defined in subsection 3.6 are often required in practice. Some of the additional
constraints defined in subsection 3.6 are implemented in the solver, software design allows for the
implementation of custom additional constraints if required. The predefined additional constraints
already implemented include box constraints on slope of the control signal at collocation nodes and
box constraints on control signal itself at non-collocation nodes. Further, constraints on terminal
control vectors of each segment to ensure continuity of control slope across segments in multi-
segment collocation is also implemented.
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Table 1: OCP definition

Sl.no \ Name \ Default \ Initialization Example
Primary objects of OCP
1 Dynamics 0 dynamics[phase] = dynamics[0] = lambda x, u,
function(x, u, t, a) t, a: [x[1], u[0]]
2 Lagrange term 0 running_costs[phase] = running_costs[0] = lambda
function(x, u, t, a) X, u, t, a: u[0]*u[0]
3 Mayer term 0 terminal_costs[phase] = terminal_costs[0] = lambda
function(xf,tf,x0,t0,a) xf, tf, x0, t0, a: -tf
4 Path constraints None path_constraints[phase] = path_constraints[0]
function(x, u, t, a) = lambda x,u,t,a:
[x[0]+x[1]-1, x[0]*u[0]-1]
5 Terminal constraints None terminal_constraints[phase]| terminal_constraints[0] =
= function(xf,tf,x0,t0,a) lambda xf, tf, x0, t0, a:
[xf[0]-1, xf[1] - 2]
6 Initial state 0 x00[phase] x00[0] = [1, 1]
Optional Box constraints
1 States [—00, 00] | Ibx[phase], ubx[phase] 1bx[0] = -2; ubx[0] = +2
2 Controls [—OO7 OO] Ibu[phase], ubu[phase] Ibu[0] = -1; ubu[0] = +1
3 Start time [O, 0] Ibt0[phase], ubt0[phase] 1bt0[0] = 0; ubt0[0] = 0
4 Final time [00, 00] | ibtf[phase], ubtf[phase] Ibtf[0] = 1; ubtf[0] = 1
5 Parameters [—00, 00] | Ibaphase], uba[phase] Iba[0] = -5; uba[0] = 5
Optional parameters : Scaling
1 Scale states 1 scale_x[phase] scale_x[0] = [1/5.0, 1/10.0]
2 Scale controls 1 scale_u[phase] scale_u[0] = 1/10.0
3 Scale time 1 scale_t[phase] scale_t[0] = 1/5.0
4 Scale parameters 1 scale_a[phase] scale_a[0] = 1/100.0
Optional parameters to initialize the solution
1 Guess for xf 0 xfo[phase] xf0[0] = [1, 2]
2 Control at t0 0 u00[phase] u00[0] = 1
3 Control at tf 0 ufo[phase] ufo[o] = 0.5
4 Initial guess for t0 0 t00[phase] t00[0] = 0
5 Initial guess for tf 00 tfo[phase] tfo[0] = 1
Options related to Multiple phase OCP
1 Phase links Serial | phase_links phase_links = [(0, 1), (1, 3), (0, 2)]
2 Event cons. bounds! 0 Ibe[link]; ube[link] Ibe[link] = [0, 0]; ube[link] = [0,0]
Additional constraints
1 Constraint on False diff_u[phase] diff u[0] = 1 # (Enabled)
2 Box Constraint on % [-15, 15] Ibdu[phase];ubdu[phase] Ibdu[0] = -3; ubdu[0] = 3
3 Box Cons. on 1" True midu[phase] midu[0] = 0
4 % cont. across seg. False du_continuity[phase] du_continuity[0] = 1
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4.5 Algorithm to solve the multi-phase OCP

The continuous time OCP is implemented as a class object in python is initialized and the elements
of OCP are defined using the syntax in Table 1. The steps in solving the OCP are outlined as follows,

Algorithm 2 MPOPT algorithm
1: procedure MPOPT(OCP, N? d?, collocation_scheme)

s 7s?

2: (F,LB,UB, J,Z,Z,Z) + Initialize NLP matrices > Create NLP Algorithm (1)
3: Z < Create initial solution estimate > Initial solution
4: h? N7 > Initialize segment width fractions
5: Z < Solve NLP((F,LB,UB, J,Z,Z,Z), Zy, h?) > Solve NLP
6: {Xi, U th, jv, a’; i =1,...,p} + Retrieve OCP solution from the NLP solution Z

7: return {X*, U’ ¢, }, a'} > Return OCP solution

NLP solvers

The NLP formulation in the package can be solved with various solver plugins available in CasADi.
One of the popular solver based on barrier methods is IPOPT. While the present package is tested
on various examples using IPOPT, other available solvers such as 'SNOPT’, ’sqpmethod’ can be used
as well for solving the NLP.

Profiling the algorithm

The algorithm 2 has three distinct steps namely creating NLP matrices, initializing the solution and
solving the NLP. A good knowledge of the computational time not only enables one to optimize the
solver implementation but also enables creating of efficient grid refinement techniques.

A test case OCP given in Equation 59 is solved using the package by varying the number of colloca-
tion nodes. The time taken by the algorithm in various steps of computation is recorded and plotted
in Figure 2. For the simple moon lander OCP solved using the package, it is found that the NLP
creation process is computationally expensive compared to NLP solve time. However, this trend can
not be generalized as the time required for solving OCPs with complex dynamics would be much
higher than the NLP creation time as it is problem dependant.

4.6 Post processing

The package comes with a post processing module which not only processes the optimizer solution
but also provides various methods for interactive visualization. It is written in order to provide easy
access to the optimizer solution to user without having to deal with the interpolation polynomials
used in pseudo-spectral collocation. For example, the values of states and controls can be obtained
using single command as follows.

(x, u, t) = post.get_data()

Similarly the data can be visualized in a python plot as follows.

fig, axs = post.plot_phases()
fig, axs = post.plot_phase(0)
fig, axs = post.plot_x()
fig, axs = post.plot_u()
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Figure 2: Profiling OCP solver algorithm for moon lander OCP: Comparison of NLP creation time
and NLP solve time by varying number of collocation nodes

The post processing methods come with various options such as re-scaling before accessing the
solution and interpolating the solution onto uniform grid. Further, it is possible to access or plot the
data corresponding to specific phases.

The package comes with multiple built-in sophisticated methods to process data of multiple phases
and plot the variables in various plots as required by the user. The post processing package is built
as an independent class that can be customized or extended depending on user requirements.

4.7 Package hosting and source code details

The MPOPT package is officially hosted on The Python Package Index (PyPI) %, making it easily
accessible for all to experiment with a single command from the terminal.

1 pip install mpopt

The source code is hosted in GitHub® featuring continuous integration and test coverage. While the
source code is extensively documented with doc strings, a Jupyter notebook * demonstrates various
features and limitations of the software. A set of examples provided in the form of standalone scripts
show the extended usage of the software along with various hyper parameters in the proposed
adaptive grid refinement methods.

https://pypi.org/project/mpopt/

*https://github.com/mpopt

‘https://github.com/mpopt/mpopt/blob/master/notebooks/getting_started.
ipynb
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5 Examples

The multi-phase OCP solver packaged implemented in Python is easy to use and solves many stan-
dard optimal control problems efficiently. This section gives simple examples of software usage and
demonstrates various features of the package.

Though there exist multitude of OCP solver test cases in literature, only three OCPs are solved in
this section. The first case is a single phase OCP formulation namely Van der Pol oscillator given
in Equation 56. Second example is a test case for the multi-phase optimal control problem solver
named Two-phase Schwartz problem, given in Equation 57. While the first two test cases are chosen
to be simple to demonstrate various features of the package, a more complex multi-phase problem
dealing with the ascent optimization of multi-stage launch vehicle trajectory is selected as the final
example.

5.1 Single phase

Continuous time Van der Pol oscillator OCP formulation with two states and one control variable is
given in Equation 56.

Van der Pol Oscillator

¢

min J=0+ / ' (28 + a7 + u?) dt (56a)

zu "

subject to To=(1—22) X 29— 21 +1u (56b)
T = X9 (56¢)
2> —0.25 (56d)
—1<u<l1 (56e)
zo(to) = 0; @1(to) = 1; (56f)
to = 0.0; t; = 10 (56g)

The Van der Pol OCP is initialized, solved and results are post processed in under 10 lines of effective
python code as follows. The syntax follows from the OCP initialization examples given in Table 1.

1 #Van der Pol oscillator OCP from https://web.casadi.org/docs/
> from mpopt import mp

, # Define OCP

s ocp = mp.OCP(n_states=2, n_controls=1)

¢ ocp.dynamics[0] = lambda x, u, t: [(1 — x[1] » x[1]) » x[0] — x[1]
7 ocp.running_costs[0] = lambda x, u, t: x[0] + x[0] + x[1] « x[1] +
s ocp.lbx[0][1] = —0.25

s ocp.lbuf[0], ocp.ubu[0] = —1.0, 1.0
0 ocp.x00[0] = [0, 1]

n ocp.lbtf[0], ocp.ubtf[0] = 10.0, 10.0

3 # Create optimizer, solve and post process

u mpo = mp.mpopt(ocp, n_segments=1, poly_orders=20, scheme="LGR")
5 solution = mpo.solve ()

v post = mpo.process_results(solution, plot=True)

Listing 1: Van der Pol Oscillator OCP solution using MPOPT
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The package implements different collocation roots using Legendre and Chebyshev polynomials.
The Van der Pol OCP is easily solved using LGR, LGL and CGL roots by changing the collocation
scheme while initializing the optimizer. The optimal value of the cost reported by the solver is
(2.87373 2.87329, 2.87397) for 15 roots of LGR, LGL and CGL schemes confirms the compatibility
of various orthogonal polynomial roots in the package. Further, the states and control trajectories
shown in Figure 3a indicate the solution of global collocation approximation where a single poly-
nomial of order 15 is used, tics indicating the collocation node locations. Lastly, the OCP is solved
using multi-segment collocation with 5 number of segments and polynomials of order 15. The states
and control trajectories for multiple-segment collocation shown in Figure 3b confirm that the single
phase problems can be solved with multi-segment pseudo-spectral collocation using the package.

5.2 Multi phase

Two-phase Schwartz problem written in the standard Bolza form is given in Equation 57. Note that
the constraints in phase-1 differ from phase-2 while dynamics remain same in both phases.

Two-phase Schwartz problem

t

min J =5(xo(ts)? + 21(ts)?) + / ' 0dt (57a)
o to

subject to To = X1 (57b)

21 =u— 0.1(1 + 223)x, (57¢)

Phase : 1 —9(zo— 1)% — (“0;30'4)2 <0 (57d)

21 > —0.8 (57¢)

—1<u<1 (57f)

zo(to) = 1; z1(to) = 1; (57g)

to=0;t;=1 (57h)

Phase 2: ty=1;ty =29 (571)

rcR* uelR (57))

The program listing given below, shows that the Two-phase Schwartz problem is initialized, solved
and results are processed in under 15 lines of effective python code.

from mpopt import mp

s # Initialize OCP

ocp = mp.OCP(n_states=2, n_controls=1, n_phases=2)

5 dynamics = lambda x, u, t:[x[1], u[0] — 0.1 « (1.0 + 2.0 » x[0] « x[0]) * x[1]]
; ocp.dynamics = [dynamics, dynamics]

7 ocp.path_constraints [0] = lambda x, u, t: [1.0 — 9.0 = (x[0] — 1) « (x[0] — 1) —

(x[1] — 0.4) = (x[1] — 0.4) / (0.3 = 0.3)]
ocp.terminal_costs[1] = lambda xf, tf, x0, t0: 5 » (xf[0]*+2 + xf[1]%+2)

ocp.x00[0] = ocp.x00[1] = [1, 1]
ocp.xf0[0], ocp.xfO[1] = [1, 1], [0, O]
ocp.lbx[0][1] = —0.8

; ocp.lbuf0], ocp.ubu[0] = —1, 1
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6 ocp.lbtf[1], ocp.ubtf[1]
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ocp.lbtf[0], ocp.ubtf[0] 1

.9, 2.9

Il
[N

s mpo, post = mp.solve(ocp, n_segments=1, poly_orders=15, "LGR", plot=True)

Listing 2: Two-phase Schwartz OCP solution using MPOPT

The problem is easily solved using the package and the trajectories of states and controls are shown
in Figure 3c. The optimal value reported by the solver is 10727 compares very well with the actual
solution.

Multi-stage launch vehicle

The third and last example solved using the package is a popular Aerospace application that finds
the optimum ascent trajectory of a given multi-stage launch vehicle. We consider the standard
formulation of delta-III launch vehicle popularly used in literature for the validation of multiphase
solvers.

Although the problem is well defined in literature [9], none of the formulations are found to be
complete for implementing in software. Therefore, a complete standalone formulation of the ascent
trajectory optimization problem is given in Equation 58 in standard Bolza form.

The source code of the OCP formulation using the present package is given in Appendix Listing 10.
Due to the highly non-linear nature of drag term in the system dynamics, the OCP is solved in two
steps, first by disabling the drag term and then with drag enabled. When initialized with initial
guess from the first step, the solver converges in milliseconds against few seconds of time reported
in the literature [21]. The optimal value obtained by the MPOPT is 7529.7129kg comparable with
GPOPS-II, PSOPT, SOCS values (7529.7123, 7529.661, 7529.7125) [22]. The terminal time reported by
the solver is 924.1393s is in good agreement with the solution from PSOPT 924.1413s. The difference
in the optimal solution is primarily due to the underlying approximation scheme and the number
of collocation nodes used. For instance, GPOPS-II solution uses an adaptive grid refinement scheme
to obtain the best possible estimate. However, other schemes employ fixed collocation nodes in
each segment. The altitude and velocity profile are shown in Figure 4a, Figure 4b respectively. The
optimum thrust control vector is shown in Figure 4c. Finally, the evolution of the mass of the launch
vehicle is plotted in Figure 4d.
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min
x,u

subject to
Define

Dynamics:

Path constraints:

Terminal constraints:

Event constraints:

Initial conditions:

ty
J = —xﬁ(tf) —|—/ Odt

to

r =[x, T1,T2]; V = [x3, 24, T5]; m = x6; U = [ug, ug, usl;

1= 3.986012¢14; w, = [0,0,7.29211585¢ — 5]7; R, = 6378145;
po = 1.225; Hy = 7200; Cy = 0.5; A™ = 4r;

T = 4854100; T = 2968600; T2 = 1083100; 7° = 110094;

m? = 1723.273; m' = 1044.682; m? = 366.092; > = 24.029;

r=v

L)~ Re
i T? C’dArefpoHv — (we x 1)|| (v = (we x ) o0
=——=r+ —u-—
fef|” - m 2m
= —1? p=0,1,273
[ull =
[rfl > Re

to = 0; tg = 75.2; to = 150.4; tg = 261

t9 =75.2; ty = 150.4; ¢} = 261

Letre = [o(t3), 21(}), m2(t})]; ve = [w3(t}), ma(t}), 25(t})];
ar(re, ve) = 24361140; ef(re, ve) = 0.7308;

) 28.51 269.871

if(re, ve) = 130 ; Qp(re, ve) = 130
130.57

Wf(rf,Vf) = 180 ;

Where ay,ey,ir, ¢, wy are computed as follows

h =1 x ve; n=10,0,1]7 x vg;

_ . _ H s -1 h[ovoal]T .
er =lel; ay = _HVfHQj’ tf = Cos T m )

\
. 5 . _ —1 n[ }T . _ _ .
if n[1]°>0: Q; = cos ————— | else: Qf = (2 — Qy);

e
if e[2]>0: wy = cos™ ! e
Il e

> else: wy = (2m — wy);

r(th) —x(tg™) = 0; v(th) —v(tf) =0; p=0,1,2
m(th) —m(tf™") = [13680,6840,8330] p=0,1,2

r(t)) = [5605222.973, 0, 3043387.761]; v(t3) = [0,408.74, 0];
m(ty) = 301454
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6 Adaptive mesh refinement schemes

Global collocation works efficiently when the solution of OCP is smooth. However, global collo-
cation often fails when the optimal solution involves discontinuities in the state, control, or their
derivatives [23]. While direct collocation using multiple segments often results in a better approxi-
mation, the selection of the number of segments, the width of each segment, and the approximating
polynomials is a complex exercise. Adaptive mesh refinement schemes that vary the number of
segments and approximating polynomials are found to produce robust solutions [12].

Various adaptive mesh refinement schemes are proposed in literature [12] [9] [24] [25]. Tradi-
tional OCP solver packages implement customized adaptive mesh refinement schemes. For example,
GPOPS-II uses the estimate of the residuals to refine the grid in every iteration until a pre-specified
tolerance on the residual is achieved. Similarly, PSOPT uses a linear search algorithm to find the
best estimates of the number of segments and polynomial order [21]. While the iterative methods
are proven to produce robust solutions, they are computationally intensive due to the reformula-
tion of NLP with continuously changing collocation approximations in each iteration. The adaptive
algorithms used in various software, change the number of segments and the approximating polyno-
mials in each iteration of the mesh refinement. Changing the number of segments or approximating
polynomials not only requires re-computation of collocation approximation but also reformulation
of the NLP which is often a computationally expensive exercise compared to NLP solve time.

In contrast, three different mesh refinement techniques are proposed in this section that produce
the best possible solution to a given collocation approximation (Fixed number of segments along
with predefined approximating polynomial degree) by refining the grid using the segment widths.

6.1 Motivation : Moon-lander OCP

Continuous time OCP formulation of a simple moon lander example that is often used in literature
for validating adaptive mesh refinement schemes is given in Equation 59.

min J=0+ /tj wdt (59a)

zu o

subject to To = 1 (59b)
1 =u—15 (59¢)
29 >0 (59d)
0<u<3 (5%¢)
o(to) = 10; 21(lo) = —2;to = 0.0; (59f)
zo(ty) = 0; z1(ty) = 0;t; = free variable (59g)

The optimal solution to OCP given in Equation 59 has a classical bang-bang thrust profile [26]. The
problem is easily solved using the solver package with less than 10 lines of effective python code
given below.

Comparison of the solution obtained using direct collocation using the polynomials of order 20
and the exact solution given in Figure 5a shows that direct collocation fails to approximate the
optimal solution. Further, the problem is solved using multi-segment collocation with 5 segments
each having approximating polynomial of order 3. A comparison of the multi-segment solution
with the exact solution shown in Figure 5b indicates that an equal width solution requires a large
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number of collocation nodes to accurately solve the problem. Lastly, the problem is solved using
200 segments each approximated with 3rd order polynomials, the solution is plotted in Figure 5c. A
close look at the solution near the discontinuity given in Figure 5d in the thrust profile shows that
the non-adaptive collocation approximations fail to capture the optimal thrust profile even with a
large number of collocation nodes in addition to being computationally expensive. For instance,
collocation using 200 segments is found to take approximately 25 times more time compared to a 5
segment equivalent NLP.

# Moon lander OCP direct collocation

> from mpopt import mp

=~

# Define OCP
ocp = mp.OCP(n_states=2, n_controls=1)

s ocp.dynamics[0] = lambda x, u, t: [x[1], u[0] — 1.5]

7 ocp.running_costs[0] = lambda x, u, t: u[0]

ocp.terminal_constraints [0] = lambda xf, tf, x0, t0: [xf[0], xf[1]]
ocp.x00[0] = [10.0, —2.0]
ocp.lbu[0], ocp.ubu[0] = 0, 3

: # Create optimizer (mpo), solve and post process(post) the solution

mpo, post = mp.solve(ocp, n_segments=1, poly_orders=20, scheme="LGR", plot=True)

Listing 3: Solving moon lander OCP example (Equation 59) using MPOPT

This example shows that the default-choice of segment widths (Equal width segments) and approx-
imating polynomials chosen by the user, affect the quality of the solution. In order to get robust
solutions, adaptive grid refinement techniques are generally employed.

In the present package, three different adaptive mesh refinement schemes are implemented. The
collocation approximation remains the same as long the number of segments and approximating
polynomials are unchanged. Further, the absolute grid can be made either finer or sparser by chang-
ing the segment widths without affecting the approximation. In all the three schemes presented in
this section, only the segment widths are varied to get the best possible solution for a given ap-
proximation. Such a mesh refinement philosophy is often computationally attractive in addition to
being deterministic in computational time. Since the NLP does not change the dimension in each
subsequent iteration, the computational time is further accelerated by employing initial guess from
the previous iterations while solving the NLP.

Of the three proposed schemes, the first two formulations are iterative in nature while the third
formulation solves for the optimal segment width fractions along with the original NLP variables.
While all three schemes are found to be successful against standard test cases, each fit best for a
different class of problems as discussed in this section.

6.2 Algorithm for Iterative Adaptive mesh refinement schemes

Consider a collocation approximation of given multi-phase continuous time OCP with N? number
of segments in each phase p, with each segment having approximating polynomials of order d2.
Further, let Z2° = {X* U", ¢, }, a; i = 1,...,p} represent the solution to the OCP where all
segments have equal width. Now, an outline of the iterative adaptive mesh refinement schemes
proposed in this package is given in Algorithm 3.
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Algorithm 3 Iterative segment width refinement: Adaptive solver

1: procedure H-ADAPTIVE(N,, N7, dV)

2: NLP(N,, N?, d?) < Initialize NLP > Algorithm (1)
1
3: hP<— N7 > Segment width fraction set to equal width segments
4: Z0 = {X", U i, }, a’; i=1,...,p} < Solve NLP with h? > Reference NLP solution
: for Each iteration k in [1, ..., Iter,,,,] do
6: R < Estimate of max. residual in Z*~1) > At non-collocation nodes (Equation 43)
dh?

7: if (R<¢€)or (d—]; < €") then

8: break;

9: else
10: h? + Refine segment widths using solution Z*~) 1 Adaptive schemes (6.2.1, 6.2.2)
11: ZF =X Uit ’J}, a’; 1 =1,...,p} + Solve NLP with h# 1> Refined NLP solution
12: return 2 > Return updated solution

6.2.1 Adaptive scheme-I: Heuristic

In this heuristic scheme, we consider the class of problems where a measure of required collocation
nodes density at any given time can be defined in terms of the optimization variables themselves.
For example, consider a system where a rapidly changing control signal requires the refined grid
to capture the solution accurately. In such cases, the slope of the control signal is a good measure
of the collocation nodes density. Moreover, it can be seen that increasing the density of collocation
nodes close to the thrust discontinuity in moon lander example given in subsection 6.1 results in
refined solution. Various possible criteria are listed in Table 2. While different measures can be used
to represent the collocation nodes density, slope of control variables or state variables is often found
to be a good measure. In collocation, the slope of control, or state variables is easily computed using
the projection operation equation given in Equation 37 using pre-computed interpolation matrices.
The algorithm for the mesh refinement using the proposed heuristic scheme is presented in this
section.

Let ZF = {X', U i, }, a'; i = 1,...,p} represent the solution to the OCP at iteration k. Let

Terid — {tf € (b, t?);i =1,...,N} } represent the set of predefined points between start and fi-

nal times of each phase excluding the terminal points. Let, C represent a criteria for detecting the
required collocation node density. Further, let C(¢;) represent the measure of required collocation
nodes density at time ;. Now, we estimate a set of points using the defined criteria (C), and store
them in a pivot set represented by 77", defined as follows.

Define 7PVt = {tf e T C(th) > € C(t]) > C(t5) Vi > j} as the set of ordered points accord-
ing to a given criteria (C) and threshold (¢°).

Let ﬁpivm represent the set of pivot locations estimated in iteration k using solution Z*. Then, two
different scenarios exist. The first scenario is that the number of pivot points in (7,° V') are more
than the number of points required to uniquely define segment start and end points (i.e N? — 2).
In this case, we define the first N? — 1 points from 7P"°" in addition to phase starting and ending
times (¢, t?) as the refined segment start or end points. These N? + 1 points uniquely define new
segments. Therefore, segment width fractions for N? segments are refined and the problem can
be solved with refined segment widths. The procedure is repeated iteratively until a pre-specified
convergence criterion is reached. Now, the algorithm for the proposed scheme can be outlined as in
Algorithm 4.
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S1. no Criteria (C) Remarks
1 ||| Norm of slope of control variables (1-norm, 2-norm, co-norm)
2 u;; 1 =1,...,n, | Slope of any control variable of choice (z)
3 ||| Norm of second derivative of control variables
4 l|1%| Norm of slope of state variables
5 ;5 1 =1,...,n, | Slope of any state variable of choice (7)
6 ||| Norm of second derivative of state variables
7 f(x,u) € R | Custom criteria

Table 2: Criteria for deciding pivot locations

Algorithm 4 Iterative scheme for segment width refinement: Adaptive scheme-I

1: procedure H-ApAPTIVE-I(ZF, h?, Terid)
2 C < Select criteria for measure of discontinuity > From Table 2
3 Tevo = {17 € T&9; C(t]) > € C(t]) > C(t)) Vi > j} > Compute pivot locations in Z*
4: if No. of pivots > N? — 2 then > Enough pivots to define new segments
5: TPivet ¢ Select first NP — 1 pivots from 7PV
6 Trvot « [¢h, t] > Add start and final times to pivots
7 TPt < Sort pivots in ascending order
8 else > Not enough pivots to define new segments
9 TPt [tg, 1] > Add start and final times to pivots
10: TPl « Sort pivots in ascending order
11 N < Number of pivots in 7P
; : . rpivot ; NP =N
12: TPvet «Split first segment in 7PV into {STJ of equal segments
13: TPivet «— Split last segment in 7P into remaining number of equal segments
14: h? <+ Estimate segment width fractions from 77" > Refine segment width fractions
15: return h? > Return refined segment width fractions

While the heuristic adaptive mesh refinement scheme presented in this section refines the segment
widths, selection of number of segments themselves is often a difficult choice. Although, selecting
more number of segments is always preferred with the proposed scheme, it is often computationally
costly. However, the proposed schemes is found to be robust with respect to the choice of segments
and polynomials when initialized with more than minimum required segments to approximate the
solution profile. That is to say, depending on the nature of solution and number of discontinuities
expected in the solution profile, it is often possible to know the minimum number of segments
required for a given OCP. For example, moon-lander OCP has bang-bang thrust profile with one
discontinuity. Hence, at least 3 segments are required to approximate the control exactly.

Descriptive examples
In literature, two specific OCPs are widely used for validating the adaptive mesh refinement schemes.

First one being the moon-lander OCP given in Equation 59 representing discontinuity in control
signal, second one is the hyper-sensitive OCP given in Equation 62.
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Example-1: Moon lander OCP

The moon lander OCP with 2 states and 1 control variable is given in Equation 59. The states and
control trajectories obtained using the proposed adaptive scheme are plotted in Figure 6b. The grid
refinement history corresponding to the solution in Figure 6b is plotted in Figure 6¢. The grid is
iteratively refined until a user defined tolerance (10~%) in residual is achieved. The refined grid places
more collocation nodes close to the discontinuity resulting in an accurate solution. Comparison of
the non-adaptive solution and adaptive solution using the proposed adaptive scheme and the exact
solution is given in Figure 6d for the same collocation approximation. The free final times obtained
using the non-adaptive scheme and the adaptive scheme are (4.1762, 4.1641) respectively. The value
obtained using proposed matches exactly with the analytical solution (4.1641). The proposed scheme
not only produces a better solution compared to the non-adaptive solution, it is also computationally
attractive. The adaptive scheme produces a very close approximation to the exact solution with as
low as 15 collocation nodes compared to 600 nodes in the non-adaptive solution. The adaptive
scheme converges within 5 iterations to the user-defined tolerance (107).

Further, the robustness of the method is verified by varying the number of segments and approxi-
mating polynomials in each segment. The residual in dynamics estimated at non-collocation points
serves as a good measure of the accuracy of the solution. Further, the residual is estimated on a fixed
grid over the time horizon in order to be able to compare various solutions. The evolution of max-
imum residual in dynamics at non-collocation nodes with respect to number of mesh iterations is
shown in Figure 7 for polynomials of order 3. The residual converges to a specified tolerance of 10~°
within less than 10 iterations in all the cases. Further, an acceptable tolerance of 1072 is generally
achieved with in 3 iterations. Evolution of the maximum residual with respect to the approximating
polynomials of degree 4, 5, 6 is shown in Figure 7.

The state and control trajectories to hypersensitive OCP and Van der Pol oscillator OCP using the
adaptive scheme are plotted in Figure 8.

Remarks

While the proposed adaptive scheme succeeds in obtaining the robust solutions in a select class of
problems where the measure of collocation nodes density can be defined the convergence of the
methods is not guaranteed. Another drawback of the proposed method is that the need to select
criteria for a measure of grid density. While slope of the control signal is found to be a good mea-
sure for moon-lander OCP (Equation 59), Van der Pol OCP (Equation 56) and hypersensitive OCP
(Equation 62), it is not guaranteed to work for other OCPs.

6.2.2 Adaptive scheme-II: Residuals based

The second iterative adaptive mesh refinement proposed in the package is based on the residuals in
system dynamics. Since residuals at non-collocation nodes is a good measure of the accuracy of the
solution, this scheme detects the location of maximum residual in a given solution and refines the
grid such that more collocation points are concentrated where residual is higher.

Let Z2° = {X", U’ t}, }, a'; i =1,...,p} represent the non-adaptive solution of given multi-phase
OCP. Then, the residual in the dynamics corresponding to given solution (Z°) is easily estimated

using the composite derivative interpolation matrix defined in Equation 40. Let R? represent the
residual in system dynamics in segment s of phase p computed using Equation 37.

The package implements two different grid refinement methods based on the estimated residual
(R?). While the first method ensures equal integrated residual in each segment, the second method
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refines the grid by merging the segments where residual is low and splitting the segments where
residual is high.

Method-1: Equal residual in each segment

Let 78 = {t € [t{,t4];4 = 1,..., NP} represent the set of predefined points between start and
final times of each phase where the residual is to be estimated. Let R be the 2-norm of residual at
time ] € T, Further, let R(t) represent a residual curve over the domain [t{, t}] obtained using
interpolation of estimated residuals R?. Dividing the residual curve into N? number of equal area
segments results in improved collocation nodes density where there is high residual.

Let ¢5,1}; s = 1,..., NI represent the start and end points of refined mesh segment s. Then, the
refined segment start and end points are uniquely defined by Equation 60 and Equation 61.

t e+
/ R() dtz/ R dt;  se€[l,...,NP—1] (60)

ts ¢t
=t (61)

Descriptive example

hypersensitive problem given in Equation 62 is often considered a standard test case to validate
adaptive mesh refinement schemes.

1[4
min J=0+3 / (2% 4+ u?) dt (62a)
T, to
subject to i=—14u (62b)
zo(to) = 13tg = 0; (62¢)
.Il(tf) = O;tf = 1000 (62(21)

The hypersensitive problem is easily programmed in the package within less than 10 lines of effective
python code given below. The problem is first solved using non-adaptive scheme and the state
and control trajectories for non-adaptive collocation approximation are plotted in Figure 9a. The
evolution of residual with respect to the adaptive refinement iterations is plotted in Figure 11b. The
exact solution requires a higher number of collocation nodes near the start as well as terminal times.
The evolution of the grid with respect to each iteration of the proposed equal residual adaptive grid
refinement scheme is given in Figure 9c. Note the change in collocation nodes distribution from
non-adaptive solution (Iteration 0) to the first iteration. The method detects higher residual towards
the terminal times in iteration 0 and places more segments towards the terminal times in the first
iteration, refining the solution. The process is repeated until a predefined convergence tolerance is
achieved, the evolution of the grid is shown in Figure 9c. The states and control trajectories from
the converged solution are plotted in Figure 9b. Equal residual segments proposed in this section
refine the grid within one iteration and place the collocation nodes towards the corners as shown in
Figure 9c. The comparison of the non-adaptive solution with the adaptive solution given in Figure 9d
shows the higher density of nodes close to the starting time makes the solution converge to the exact
solution.

The complexity of the problem is increased when the terminal time (¢5) is increased. The states and
control trajectories obtained for various terminal times are plotted in indicating the robustness of
the method.
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Figure 10: hypersensitive problem solved using iterative adaptive grid refinement scheme based on
residuals and merge/split philosophy (15 segments, polynomial degree 15)

Method-2: Merge or split segments

Let maximum residual in segment s be defined by R? = ||R%||,. Consider two consecutive seg-
ments that have an acceptable maximum residual. In addition, if merging these two segments also
keeps the maximum residual in the acceptable level, the free segment that resulted from the merge
operation can be used to refine the grid elsewhere. Note that the number of segments is kept the
same throughout the grid refinement.

Let S = 1,..., N? represent the set of segment indices in phase p.

Let R®™ = {i | RY > €"; i € S”} be a set of segments which have maximum residual above given

threshold (¢").

Let R8PS = {i,i + 1| (RYRY,,) <€sie Sp} U R" represent disjoint sets of consecutive seg-
ments grouped by residual (¢”"). Further, let the disjoint sets in R¥°"?* be ordered in ascending
order of their indices. Let N¢, N9 represent the number of sets in R, R&"P* respectively. Define
HP = {Ez'es hY;For Each S € Rg“"‘l”s}. Number of free segments(N/) are defined as N9 — N¢. If
the number of free segments are 0, the grid is not refined further. Otherwise, the segment width
fractions are refined by merging each group in R&°%* if the group has acceptable tolerance and
splitting the groups that have residual higher than the tolerance while maintaining total number of

segments same.

Descriptive examples

The hypersensitive example given in Equation 62 is solved using the merge/split adaptive strategy
proposed in this section. The evolution of grid refinement with respect to iterations using merge
split philosophy is plotted in Figure 10b. The evolution of residual on a fixed grid with respect to
the iterations are plotted in Figure 11a. The segments close to the start and end times are split due
to their higher maximum residual and the segments in the middle are merged in each iteration. The
adaptive solution using merge split philosophy is given in Figure 10a. The problem is solved to an
acceptable level (107%) using the proposed adaptive scheme within 3 iterations.
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Remarks

While the proposed adaptive mesh refinement schemes based on residual work well on the test
cases, the convergence of the method is not guaranteed. One known drawback of the method is that
the algorithm doesn’t converge when initialized with fewer segments than the minimum required
number.

6.3 Adaptive scheme-III: Direct optimization

The third adaptive mesh refinement scheme implemented in the package is a unique one. While
all the adaptive refinement schemes encountered in literature are iterative in nature, this method
attempts to optimize the segment width fractions along with the original NLP.

The adaptive direct optimization scheme proposed in this section modifies given NLP by including
segment width fractions (h%) defined in Equation 9 as additional optimization variables along with
additional constraints on residual in system dynamics (Equation 63). Let R? be the residual matrix in
segment s. Then, the constraints given in Equation 63 are added to the original NLP in the proposed
adaptive scheme.

NY
> =1 Vp=1,...,N, (63a)
i=1
— €N < hP x RP < € € > 0; Vs=1,...,Nl;i p=1,...,N, (63b)
"< h? < 1; " > 0; Vs=1,...,Nl';p=1,...,N, (63c)

Intuitively, the constraint in Equation 63b makes the segment width fraction lower where ever the
residual in dynamics is higher. Therefore increasing the density of the collocation nodes where ever
the residual is higher which in turn refines the solution.
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The modified NLP in the proposed adaptive direct optimization scheme is given by Equation 64.

NP
i MP T'qQr 4
X,u,r%%P,H ; [ W, Q (642)
s. t. 0=D!XP—-F =0 Vp=1,...,N, (64b)
—o0 =GP <0 Vp=1,...,N, (64c)
0=HP —=0 Vp=1,....N,  (64d)
E =E -F Viep (64e)
e = VYp=1,...,N, (64f)
XP e xr. UPelU? Vp=1,...,N, (64g)
ty e T tzfv£€7'fp; a? € A?; Vp=1,...,N, (64h)

Where all matrices except [?” are constructed in the same way as in non-adaptive solver describe in
Section 3.2. The matrix R, is constructed as follows,

Let 77 = {7/;i = 1,...,I?; 7/ € [=1,1]} be I? number of predefined points where the value of
the residual is to be constrained (Equation 63b) in the segment s and phase p. Further, let composite
interpolation (C%) and derivative interpolation matrices (D7) corresponding to 7,° be computed us-
ing the individual segment interpolation matrices (Equation 39, Equation 40) as described in Section
3.2. Then, the residual matrix is easily computed using Equation 43 which is then multiplied by the

respective segment width fractions.

Selection of nodes for residual estimation

The non-collocation nodes where the residual is constrained in the adaptive direct optimization
problem (7;°) are chosen such that they result in higher residual where ever more collocation nodes
are required. There are two popular methods to select 7,°. While first method uses mid points of the
consecutive collocation nodes in a given segment, the second method uses JACOBI polynomials of
different order from the selected approximating polynomial for the segment. i.e

S S
;T T

= TZ; Vs=1,...,N’ -1 Method-1 (65)
TI-I — roots(di); Vs = 17 .. ,Nf; dz # dg Method-2 (66)

While the methods given above are popular choices, other methods of selecting the nodes exist such
as uniformly spaced nodes etc.

Outline of the solution procedure in the package for adaptive direct optimization is outlined in
Algorithm 5.
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Algorithm 5 MPOPT adaptive algorithm

1: procedure MPOPT-ADAPTIVE(OCP, N?, d®, collocation_scheme)
2: (F,LB,UB, J,Z,%Z,7Z) < Initialize NLP matrices

3 (F,LB, UB) <+ Update with constraints on residuals > Equation 64f
4: (F,LB, UB) < Update with constraints on segment widths > Equations 63a, 63¢
5: Z<ht;=1,...,N, > Add segment width to the optimization variables
6
7
8
9

> Create NLP Algorithm (1)

Z < Create initial solution estimate o> Initial solution
Z < Solve NLP((F,LB,UB, J,Z,Z,7), Z,) > Solve NLP
{X4, U tf), v.a' hl; i=1,...,N,} < Retrieve OCP solution from the NLP solution Z

return {X’, U’, th, t;}, a',hi} > Return OCP solution

Examples

The proposed adaptive direct optimization method produces an exact solution to the OCP with
the minimal number of collocation nodes. For example, the bang-bang thrust profile in the moon-
lander example requires exactly 3 segments to approximate the control variable. The solution using
equal with segments is plotted in Figure 6a. The states and control trajectories obtained using the
direct adaptive scheme are plotted in Figure 12b. The collocation approximation uses 3 segments
with approximation polynomials of order 3. The terminal times obtained using the scheme and the
exact values are (4.1641, 4.1641) respectively. Further, the optimal switch over time found using this
scheme is 1.41535 matches with the exact value from the analytical solution (1.4154).

The method is found to be robust and successful in solving various popular adaptive test cases
from the literature. For example, the hypersensitive problem is found to fail with the non-adaptive
solvers as the terminal time in the OCP formulation is increased (Equation 62). However, the direct
optimization adaptive scheme proposed in this section produces accurate solutions with a minimum
number of segments as shown in Figure 13.

Remarks

The direct optimization scheme is found to be successful in solving for optimal segment widths
given a collocation approximation. One major drawback of the method is found to be computational

39



1.0{7
3
-
8 {
—

8 0.5 | I
2 [
® | |
n I state 1 !
NE=——— S —————
? trol 1

%2‘ contro.

g

g

€14 .
3 |
8 !
0 N U U U A
(&)

0 200 400 600 800 1000
Time, s

State variables

1.0

0.5

<
o

state 1

Control variables

4000 6000 8000 10000

Time, s

0 2000

(a) Multiple segment solution of hypersensitive prob- (b) Multiple segment solution of hypersensitive prob-
lem (Tf = 1000) using adaptive direct optimizationlem (Tf = 10000) using adaptive direct optimization
scheme (5 segments)

1.0
2 | '
. |
.g |
§ 0.5 |
e
8 | |
% state 1 !
0.01 beeeereeme e S e |
3 trol 1
g2 contro |
£
: |
z 1 |
: |
g () | eoesesoocotmerssoscccomrossosooromessesososspmsssssse
(@) ¥
0 20000 40000 60000 80000 100000
Time, s

scheme(5 segments)

State variables

1.0

0.5 1

o
o

state 1

T T T T T

Control variables

1.0
le6

0.4 0.8

Time, s

(c) Multiple segment solution of hypersensitive prob- (d) Multiple segment solution of hypersensitive prob-
lem (Tf = 100000) using adaptive direct optimization lem (Tf = 1000000) using adaptive direct optimization
scheme(10 segments)

scheme(7 segments)

Figure 13: hypersensitive problem solved using adaptive direct optimization scheme

40



time. For example, solve time for the hypersensitive OCP takes 3 orders of magnitude higher time
compared to the non-adaptive schemes. The computations are expected to be expensive in the
proposed method due to the estimation of residual at the non-collocation nodes. Moreover, the
additional constraints posed on the residual and segment widths increase the complexity of the
original NLP.

7 Limitations of the package

The package while being successful in solving test cases has limitations like similar software. First of
all, the solver requires the dynamics, constraints, and the objectives to be continuous and differen-
tiable explicit functions. For example, the multi-stage launch vehicle ascent trajectory optimization
OCP has a terminal constraint on the argument of right ascension that depends on the quadrant of
line of nodes. Since a conditional on the terminal state variables is not supported by the solver, one
must know apriori, the quadrant in which the line of nodes lies. Another limitation is the need to ini-
tialize the solver with a collocation approximation. While three different grid adaptation techniques
are inbuilt in the package, the total number of collocation nodes is still an input by the user.
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8 Further improvements

While the core elements of the package are implemented, future work can improve the following
aspects of the solver.

Problem definition

The OCP definition can be made more user friendly by allowing definition using a custom signature
for the dynamics and constraints. The package in its present form uses a predefined signature.
Initial guess

The initial guess estimation can be improved from the present implementation. While the present
implementation uses a linear interpolation of initial estimates for states and controls defined in the
OCP, advanced initialization strategies can be implemented in the future to improve convergence.
Likewise, the initial solution for the adaptive grid refinement technique can be improved by inter-
polating the latest available solution onto the refined grid before solving the NLP.

Collocation approximation

The package uses NumPy numerical modules for the derivative and quadrature approximation. The
numerical approximation is known to produce noise in derivative estimation for polynomials of
order more than 20. The derivative approximation can be improved by implementing the exact
analytical formulations for Legendre or Chebyshev polynomials. The software design allows for the
custom definition of derivative and integration matrices.

The package at present only supports collocation points that include either one or both terminal
points of the standard domain ([-1, 1]). The compatibility for Lagrange-Gauss roots that do not
include both ends of the domain can be implemented in the future.

Additional constraints

Definition of constraints in terms of first and higher order derivatives of states and control can be
implemented in the future to enable additional OCP formulations.

NLP solver plugins

The NLP is solved using ’ipopt’ NLP solver plugin in the present package. The package can be
extended with support for other NLP solver plugins available with CasADi.

Support for DAEs

The package can be extended with support for differential-algebraic constraints.

Adaptive schemes

The package can be extended with various grid refinement available in the literature.
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9 Conclusion

An open source, extensible, versatile multi-phase nonlinear optimal control problem solver is de-
veloped as part of the thesis. A detailed formulation of the transcription process and the solution
algorithms are derived and implemented in the solver. The package supports various collocation ap-
proximations available in literature including global collocation, pseudo-spectral collocation using
various orthogonal polynomials. The package, validated with various test cases from literature is
found to be successful in solving various single-phase and multi-phase OCPs. Further, three different
adaptive mesh refinement schemes developed and implemented in the package help in producing
robust solutions to the OCPs. While the first two proposed grid refinement techniques are iter-
ative, the third method is a unique grid adaptation technique that optimizes the segment widths
along with the original optimization problem itself. The proposed iterative adaptive schemes are
computationally efficient as they can be initialized with solutions from the previous iterations. The
proposed algorithms have been tested on standard test cases for grid adaption techniques namely
moon lander OCP and hypersensitive problem. Although all of the proposed methods are found to
be successful in solving the test cases, the choice of the total number of collocation nodes is still a
parameter chosen by the user.
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10 Annexure

Links to the package and source code

« Recommended virtual environment

| # Recommended
2 python3.6 —m venv my_env
3 source my_env/bin/activate

Getting started - Pypi: https://pypi.org/project/mpopt/

5 pip install mpopt

6 wget https://raw. githubusercontent.com/mpopt/ mpopt/ master/
getting_started .ipynb
jupyter —notebook getting_started.ipynb

Development code on GitHub: https://github.com/mpopt

9 git clone https://github.com/mpopt/mpopt. git
10 make init
1 make test

13 # Solve a test case
14 python examples/ multistage_launch_vehicle.py

Multistage launch vehicle trajectory ascent optimization code

Copyright (c) 2020 LA EPFL.

This file is part of MPOPT
(see http:// github.com/mpopt) .

This program is free software: you can redistribute it and/or modify

it under the terms of the GNU Lesser General Public License as published by
the Free Software Foundation, either version 3 of the License, or

(at your option) any later version.

This program is distributed in the hope that it will be useful,
but WITHOUT ANY WARRANTY; without even the implied warranty of
MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the
GNU Lesser General Public License for more details.

You should have received a copy of the GNU Lesser General Public License
along with this program. If not, see <http://www.gnu.org/licenses/>.

#

Created: 6th May 2020

Author : Devakumar Thammisetty

Description : OCP definition for use in NLP transcription
gpops2.com/resources/gpops2UsersGuide . pdf

from mpopt import mp

27 import numpy as np
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80

81

82

83

55 thoO
; rhoH
77 Sa =

;s import casadi as ca

ocp = mp.OCP(n_states=7, n_controls=3, n_phases=4)

# Constants
Re = 6378145.0
7.29211585e—5

omegaE

o Ol

Cd =
muE =

# Variable
28.5

lat0 =

1

.225

7200.0

*

5

np. pi

#

3.986012el4
g0 = 9.80665

mdrySrb

# Step—1

m

initialization

« np.pi / 180.0

r0 = np.array([Re » np.cos(lat0o), 0.
5 vO = omegaE » np.array([—r0[1], r0[
s m0 = 301454.0
;mf = 4164.0

0], O.

= 19290.0 — 17010.0

mdryFirst = 104380.0 — 95550.0
mdrySecond = 19300.0 — 16820.0
x0 = np.array([r0[0], rO[1], r0[2], vO[O], vO[1], vO[2], mO])

Define dynamics
# Thrust(N) and mass flow rate(kg/s) in each stage

0

]
]
]

D

5
>

>

v_rel[2])
h = r_mag — Re
rho = rho0 + ca.exp(—h / rhoH)
D = —rho / (2 » m) « Sa » Cd » v_rel_mag « v_rel
g = —muE / (r_mag « r_mag = r_mag) = I
xdot = [
x[3],
x[4],
x[5],
T/ m+ u[0] + param + D[0] + g[0
T/ m =+ u[l] + param + D[1] + g[1
T / m = u[2] + param =+ D[2] + g[2
—mdot,
]

return xdot
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0, Re » np.sin(lat0)])
]

Thrust = [6 « 628500.0 + 1083100.0, 3 = 628500.0 + 1083100.0, 1083100.0,
110094.0]
» mdot = [
(6 » 17010.0) / (75.2) + (95550.0) / (261.0),
(3 » 17010.0) / (75.2) + (95550.0) / (261.0),
(95550.0) / (261.0),
16820.0 / 700.0,
]
def dynamics(x, u, t, param=0, T=0.0, mdot=0.0):
r = x[:3]
v = x[3:6]
m = x[6]
r_mag = ca.sqrt(r[0]  r[0] + r[1] = r[1] + r[2] = r[2])
v_rel = ca.vertcat(v[0] + r[1] +« omegaE, v[1] — r[0] + omegaE, v[2])
v_rel_mag = ca.sqrt(v_rel[0] » v_rel[0] + v_rel[1] » v_rel[1] + v_rel[2]
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def get_dynamics (param):

5 0Cp .

s def

ocp

def

ocp

dynamics0 = lambda x, u, t: dynamics(
x, u, t, param=param, T=Thrust[0], mdot=mdot[0]
)
dynamicsl = lambda x, u, t: dynamics(
X, u, t, param=param, T=Thrust[1], mdot=mdot[1]
)
dynamics2 = lambda x, u, t: dynamics(
x, u, t, param=param, T=Thrust[2], mdot=mdot[2]
)
dynamics3 = lambda x, u, t: dynamics(
X, u, t, param=param, T=Thrust[3], mdot=mdot[3]
)
return [dynamicsO, dynamicsl, dynamics2, dynamics3]
dynamics = get_dynamics (0)
path_constraints0(x, u, t):
return [
u[0] » u[0] + u[1] % u[1] + u[2] » u[2] — 1,
—uf[0] * u[0] — u[1] % u[1] — u[2] * u[2] + 1,
—ca.sqrt(x[0] « x[0] + x[1] « x[1] + x[2] « x[2]) / Re + 1,

terminal_cost3 (xf,
return —xf[—1]

.path_constraints =

.terminal_costs [3] =

tf
/ mo

>

x0

; def terminal_constraints3 (x,

5

t,

x0 ,

[path_constraintso0 ]

t0):

terminal cost3

t0):

x» ocp.n_phases

# https://space.stackexchange.com/questions/1904/how—to—programmatically —
calculate —orbital —elements—using—position —velocity —vecto
# http:// control.asu.edu/Classes/MAE462/462Lecture06 .pdf

h = ca.vertcat(
x[1] = x[5] — x[4] = x[2], x[3] + x[2] — x[0] = x[5], x[0]
» x[3]
)
n = ca.vertcat(—h[1], h[0], 0)
r = ca.sqrt(x[0] « x[0] + x[1] * x[1] + x[2] =« x[2])
e = ca.vertcat(
1 / muE « (x[4] » h[2] — x[5] * h[1]) — x[0] r,
1 / muE « (x[5] » h[0] — x[3] » h[2]) — x[1] r,
1/ muE « (x[3] » h[1] — x[4] » h[0]) — x[2] r,
)
e_mag = ca.sqrt(e[0] « e[0] + e[1] « e[1] + e[2] e[2])
h_sq = h[0] » h[0] + h[1] « h[1] + h[2] = h[2]
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v_mag = ca.sqrt(x[3] = x[3] + x[4] » x[4]
a = —muE / (v_mag + v_.mag — 2.0 « muE / 1)
i = ca.acos(h[2] / ca.sqrt(h_sq))

n_mag = ca.sqrt(n[0] » n[0] + n[1] » n[1])
node_asc = ca.acos(n[0] / n_mag)

# if n[1] < —le—12:

node_asc = 2 » np.pi — node_asc

argP = ca.acos((n[0] » e[0] + n[1] = e[1])
# if e[2] < O:

# argP = 2«np.pi — argP

a_req = 24361140.0
e_req = 0.7308

i

req = 28.5 « np.pi / 180.0

node_asc_req = 269.8 » np.pi / 180.0

ar

re

ocp.te
ocp . sc

S
1
1
1
1
1
1
1

]

+ x[5]

/ (n_mag » e_mag))

gP_req = 130.5 « np.pi / 180.0
turn [
(a — a_req) / (Re),
e_mag — e_req,
i — i_req,
node_asc — node_asc_req,
argP — argP_req,
rminal_constraints [3] = terminal_constraints3
ale_x = [
/ Re,
/ Re,
/ Re,
/ np.sqrt(muE / Re),
/ np.sqrt(muE / Re),
/ np.sqrt(muE / Re),
/ mo,

ocp.scale_t = np.sqrt(muE / Re) / Re

7 # Init
s def ae_to_rv(a, e, i, node, argP, th):

p
r

r_

v_

cn

cp
ci

R

ial guess estimation

=a =« (1.0 —e = e)
=p / (1.0 + e « np.cos(th))

vec = np.array([r » np.cos(th), r « np.sin(th),
vec = np.sqrt(muE / p) + np.array([—np.sin(th), e

, sn = np.cos(node), np.sin(node)
, sp = np.cos(argP), np.sin(argP)
, si = np.cos(i), np.sin(i)

= np.array (

[

[cn «+ cp — sn « sp » ci, —cn % Sp — sn =«

[sn = cp + cn * sp % ci, —sn * Sp
[sp = si, cp » si, ci],

49

+ Cn =«

0.

cp
cp

0])
+ np.cos(th), 0.0])

*

ci
ci

>

sn
—Ccn

*

si],
si],
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236

238

239

240

241

242

243

244

245

246

259

260

261

262

263

5 e_req

)
X

7 ocp.u00 = np.array ([[1, 0, 0], [1, O, O],
25 ocp.uf0 = np.array ( 1
]
]

) ocp.tf0 = np.array (

o]
—-
Il

np.dot(R, r_vec)
np.dot(R, v_vec)

—
1]

return r_ i, v_i

s # Target conditions

24361140.0
0.7308
i_req = 28.5 « np.pi / 180.0

a_req

7 node_asc_req = 269.8 » np.pi / 180.0

argP_req = 130.5 = np.pi / 180.0

th = 0.0
rf, vf = ae_to_rv(a_req, e_req, i_req, node_asc_req, argP_req, th)
2 # Timings

to, t1, t2, t3, t4 = 0.0, 75.2, 150.4, 261.0, 924.0
# Interpolate to get starting values for intermediate phases

s xf = np.array([rf[0], rf[1], rf[2], vf[O0], vf[1], vf[2], mf + mdrySecond])

x1 = x0 + (xf — x0) / (t4 — t0) + (t1 — tO)
x0 + (xf — x0) / (t4 — t0) = (t2 — t0)
x0 + (xf — x0) / (t4 — t0) = (t3 — t0)

X3

# Update the state discontinuity values across phases
x0f = np.copy(x1)

> x0f[—1] = x0[—1] — (6 = 17010.0 + 95550.0 / t3 =« t1)

x1[—1] = x0f[—1] — 6 * mdrySrb

s x1f = np.copy(x2)

x1f[—1] = x1[—1] — (3 « 17010.0 + 95550.0 / t3 « (t2 — t1))

27 x2[—1] = x1f[—1] — 3 » mdrySrb

x2f = np.copy(x3)
x2f[—1] = x2[—1] — (95550.0 / t3 = (t3 — t2))
x3[—1] = x2f[—1] — mdryFirst

# Step—8b: Initial guess for the states, controls and phase start and final
# times

ocp.x00 = np.array([x0, x1, x2, x3]
ocp.xf0 = np.array ([x0f, x1f, x2f,

(fo, 1, of, fo,
ocp.t00 = np.array ([[t0], [t1], [t2
[[t1], [t2], [t3

# Step—8c: Bounds for states

rmin, rmax = —2 = Re, 2 = Re

vmin, vmax = —10000.0, 10000.0
s rvmin = [rmin, rmin, rmin, vmin, vmin, vmin]
rvmax = [rmax, rmax, rmax, vmax, vmax, vmax |
7 Ibx0 = rvmin + [x0f[—1]]

Ibx1 = rvmin + [x1f[—1]]

Ibx2 = rvmin + [x2f[—1]]

Ibx3 = rvmin + [xf[—1]]

ubx0 = rvmax + [x0[—1]]

ubx1 = rvmax + [x1[-—1]]

ubx2 = rvmax + [x2[—1]]
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¢ ubx3 = rvmax + [x3[—1]]
%5 ocp.lbx = np.array([1bx0, 1lbx1, 1bx2, Ibx3])
%6 ocp.ubx = np.array ([ubx0, ubxl, ubx2, ubx3])

%s # Bounds for control inputs

20 umin = [—1, —1, —1]
20 umax = [1, 1, 1]
21 ocp.lbu = np.array ([umin] s ocp.n_phases)

272 ocp.ubu = np.array ([umax] * ocp.n_phases)

272 # Bounds for phase start and final times

25 ocp.lbt0 = np.array ([[t0O], [t1], [t2], [t3]])

276 ocp.ubt0 = np.array ([[t0], [t1], [t2], [t3]])

27 ocp.1btf = np.array ([[t1], [t2], [t3], [t4 — 100]])

2 ocp.ubtf = np.array ([[t1], [t2], [t3], [t4 + 100]])

279

20 # Event constraint bounds on states : State continuity/disc.
1 1lbe0 = [0.0, 0.0, 0.0, 0.0, 0.0, 0.0, —6 * mdrySrb]

»2 1lbel = [0.0, 0.0, 0.0, 0.0, 0.0, 0.0, —3 * mdrySrb]

»%s lbe2 = [0.0, 0.0, 0.0, 0.0, 0.0, 0.0, —mdryFirst]

21 ocp.lbe = np.array([1lbe0, lbel, lbe2])

]
25 ocp.ube = np.array([lbe0, lbel, lbe2])
26 ocp. validate ()

28 # Solve with drag disables

20 ocp.dynamics = get_dynamics (0)

290

200 if __name__ == " _ main__":

292 mpo = mp.mpopt(ocp, 1, 11)

293 sol = mpo.solve ()

294

295 # Solve with drag enabled and initial guess

296 ocp.dynamics = get_dynamics (1)

207 ocp.validate ()

298

299 mpo._ocp = ocp

300 sol = mpo.solve (

301 sol, reinitialize_nlp=True, nlp_solver_options={"ipopt.acceptable_tol"
le —6}

302 )

303 print ("Final mass : ", round(—sol["f"].full () [0, 0] » mO, 4))

304

305 mp. post_process . _INTERPOLATION_NODES_PER_SEG = 200

306 # Post processing

307 post = mpo.process_results(sol, plot=False, scaling=False)

308

309 # wxxxrwxxxxrssx PlOt height and Velocity ok ok k kR R Rk ok kK Kk ok ok ok

310 X, u, t = post.get_data(interpolate=True)

311 print ("Final time : ", t[—1])

312 figu, axsu = post.plot_u()

313

314 # Plot mass

315 figm, axsm = post.plot_single_variable (

316 x » le—3, t, [[—1]], axis=0, fig=None, axs=None, tics=["—"] = 15

317 )

318

# Compute and plot altitude , velocity

r = le=3 » (np.sqrt(x[:, 0] »« 2 + x[:, 1] *+ 2 + x[:, 2] =+« 2) — Re)
321 v = le—3 « np.sqrt(x[:, 3] *+ 2 + x[:, 4] »+ 2 + x[:, 5] *» 2)

y np.column_stack ((r, v))

320
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323

324

325

328

329

330

331

340

fig , axs = post.plot_single_variable(y, t, [[0], [1]], axis=0)

X, u, t = post.get_data(interpolate=False)
r = le—3 « (np.sqrt(x[:, 0] =+ 2 + x[:, 1] %+ 2 + x[:, 2] *+ 2) — Re)
v = le—3 « np.sqrt(x[:, 3] *+ 2 + x[:, 4] »+ 2 + x[:, 5] *x» 2)
y = np.column_stack ((r, v))
fig , axs = post.plot_single_variable (
y, t, [[0], [1]], axis=0, fig=fig, axs=axs, tics=["."] % 15
)
axs [0].set(ylabel="Altitude , km", xlabel="Time, s")
axs[1].set(ylabel="Velocity , km/s", xlabel="Time, s")

# Plot mass at the collocation nodes
figm, axsm = post.plot_single_variable(

x +» le—3, t, [[—1]], axis=0, fig=figm, axs=axsm, tics=["."] =« 15

)

mp. plt.show ()
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